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Abstract— For multiple transmitters sending independent data sensors will have a high degree of correlation. It is therefore
to a single receiver, the problem of optimizing transmitter |ikely that a fewer number of sensors are sufficient to sense the
codewords to maximize capacity has been addressed in [11][12]. g jire region. Hence, minimizing the total transmission power

This paper considers an analogous scenario when the information f a clust f . inaful th timizina th
sent by the transmitters is correlated. The optimal codeword set of a cluster of sensors Is more meaningful than optimizing the

and power allocation which minimizes TMSE (total mean square individual transmit powers.
error) at the receiver under a total power constraint have been We assume a sensor network model where nodes use
dlenveﬁ. The et?]uwalencethb?tw_egn 'T'MStEh a?d sum capacnydls signature waveforms (codewords) to transmit their data to
aiso shown, In the Sense that minimizing the Tormer cormresponds 5 “common receiver and find the optimal codewords which
to maximizing the latter. o . .
minimize a performance metric (TMSE, defined later) under
l. INTRODUCTION a total power constraint.

The rest of this paper is arranged as follows. We present

The information-theoretic capacity of a single cell symbgf,e system model in Section Il and derive the relevant TMSE

synchronous white gaussian noise CDMA system was derivgghession. In Section Il we introduce the notion of majoriza-

in terms of the correlations between user signature waveforfis, and some related results that are required for our analysis.
by Verdu [11]. Subsequently, a lot of research work has beg gection IV we derive the optimal transmitter codewords,
done in the area of signature waveform optimization for S'ngffbwer levels and receiver filters by minimizing the TMSE and
cell CDMA type systems [12]. in Section V we establish an equivalence between between

Assuming a finite dimensional signal space, the signatufg1Sg minimization and sum capacity maximization. Finally,
waveforms of users can be described.adimensional vectors \ye conclude with a summary and discussion of possible future

(codewords) whereL is called the spreading gain of theegearch in Section VI.
system.

For an average power constraint on symbols of all users,
Masseyet al. [8] showed that the capacity maximizing code-

words for the single cell symbol synchronous system are SaMessuming M users transmitting symbols using unit—norm

as the WBE sequences. Viswanath al. [12] generalized codewords of lengti. in an additive white Gaussian channel,
the result to the case where the user power constraints gg signal at the receiver is given by:

unequal. Further extensions include the colored noise case [13]
and joint optimizations of codeword/power levels for fading r=SP:b+n (1)
channels [3].
In a CDMA system, the user’'s symbols are assumed to fgere,
independent of each other and all the above work maintains
this assumption. However, there may be scenarios in which Parxar : diag(pips ... pu)

Il. PROBLEM STATEMENT

transmitters send correlated data to a receiver. For example,Pi : transmit power ofith transmitter

in the literature for sensor networks [1], one readily comes Scxm i [s1S2...sn]

across a scenario where sensor nodes (analogous to users ifii : unit norm signature codeword ofh transmitter
CDMA) measure a common physical phenomenon and send P : symbol vector

their observations (which are correlated) to a central node. 1 : zero-mean Gaussian noise with variancé,,

In many cases, the physical phenomenon under observatjon . ) .
can be sttracted az Zl 2-diFr)nensionaI information soqu&%M =E {bbT] is defined as the symbol correlation
with spatially varying information density. Since sensor nod&gatrix.
usually have a non—replenishable source of energy, it is highlyAssuming a linear receiver filtec;, corresponding to the
desirable to keep the transmission powers at their minimuim transmitter, the filter output is given by:
levels. Moreover, since sensors are usually assumed to be de- T
ployed in very large numbers, measurements of spatially closer Yi =T Ci )



The mean square error (MSE) corresponding to itfe

transmitter is given by,

MSE; = E | (r7e; — b;)’] 3)
which allows us to define total MSE as
M
TMSE = Z MSE;
=1
M L L
=3¢ (SPfBPEST + J2IL) ci+ M
i=1
(4)

M
~2Y ¢/ SP2E[bb)]
i=1
—tr (CTSP%BP%STC +o2C’C
—2CTSP*B + IM)
The optimization problem can then be stated as follows:

in TMSE ' P)=h
Jain SE subject to tfP) = Pt (5)

IIl. M AJORIZATION: DEFINITIONS AND SOME KEY

RESULTS

An important class of Schur—convex functions is the follow-
ing:

Example 2:If g : R — R is convex and increasing, then
P(x) = >, g(x;) is increasing and Schur—convex.

IV. OPTIMAL TRANSMITTER CODEWORDS POWER
LEVELS AND RECEIVER STRUCTURE

It is well-known [10] that the structure of the optimum
linear receiver that minimizes the MSE is the MMSE receiver.
For this problem, the expression for the optimum receiver was
obtained as:

1 1 -1 1
Ct = (SPfBPEST n U2IL) (SP5B> (6)
Substituting (6) in (4), the TMSE expression reduces to:

—1
TMSE = M — tr {BPésT (021L T SP%BP%ST) SPéB}

1 1 1
BP:ST P:BP:ST
— v |[BE2S {IL—S “BP2S
ag ag
sPiBpisT)”
2 2
+ (2 > —... $SP*B
(o
-1
= M —tr(B) + o?tr {(0231 + P%STSP%) }

)

This section outlines certain mathematical relationshifgsie that SP:BP?ST is positive definite, which implies

that are needed in obtaining the results in this paper.

detailed survey of these inequalities and their properties may

be found in [4].
Definition 1: Let x = (zq1),2p),...,2) ady =

(Y1), Yp2)» - - - » Ym) b€ decreasing sequences of real numbe
Then,x is majorizedby y (denoted byx < y) if

k k
Zx[i]gzy[i], k=1,2,...,n—1
i=1 i=1

and, Zx[i]zzy[i]

=1 =1
Thus, maﬁorization ok by y suggests that the component

tﬁ‘at (SP%BP%ST + a2IL) is invertible. Also, it has been
assumed in the above analysis tHit! exists. However, it
will be argued at the end of this section that invertibility of

B is not necessary since it does not affect the structure of the

I%qtimum codewords.

Let B=U;3,U] andA = SP? = U,5,V]
whereX; = diag(A1, Ao, ..., Anr)
such thatA; > A2 > ... > Ay
and X, = [diag(yu, p2; - L), 0r 5 (v—1))
Note thatS and Pz can be obtained fromA as the
normalized columns and norms of columnsffrespectively.

S

of x are “less spread out” or “more nearly equal” than the Then, the optimization problem can be rewritten as:

components of.

An important example of majorization between two vectors

is the following:
Example 1:For everya € R" such thaty"!"  a; =1,

(a17a27---aan)>- T Ty
Definition 2: A real-valued functionp : R — R, defined
on a set4 C R", is Schur—convex ot if
x<yonA= ¢x) < d(y)

The function¢ is strictly Schur—convex ik < y andx # y
implies that¢(x) < ¢(y). Also, the function¢ is Schur—
concave if—¢ is Schur—convex.

min tr
AcA

where, A is the set of allL x M matrices such that

[(0—23*1 + ATA)’l] @)

L
tr(ATA) => 42 = Pot
j=1

Lemma 1:VA € A, JA € A such that TMSEA) <
TMSE(A) and AT A commutes withB.
Proof: Marshall and Olkin [4, Lemma 9.G.4] state the
following:
det(G + H) < H (A (G) + Apg1-q (H))
1

C)

i=



Define a functiord(A) = det(c?B~! + ATA).

ChooseG = ¢?B~! andH = AT A following a similar
argument as in [13]. DefinlA = AQ, where Q is an
orthogonal matrix chosen so thatB—!' and AT A commute
and the eigenvector corresponding to ttielargest eigenvalue

of 0?B~" is the same as that corresponding to the-1—i)th tr(ATA)=Z 1,
largest eigenvalue cATA. "
Note thatA € A since tftATA) =tr (QTATAQ) = P 1k, Bl

Using (9), #(A) > 6(A). Since A(A) is Schur—
concave and TMSE is Schur—convex in the eigenvalues of
(e?B~1+ ATA), it follows that TMSEA) < TMSE(A). "
] Wy | 00D

Lemma 1, combined with the fact that two matrices com- | 1/,
mute if and only if they share the same eigenvectors [9],
restricts the optimization space to that subsetdofor which
the conditionVy = U; holds. Note that this condition is Fig. 1. Waterfilling is achieved by distributing the sum of the eigenvalues
sufficient but not necessary. of ATA over the eigenvalues &~

SubstitutingV, = U, in (7), the following two cases arise.

gy

1) M > L:
TMSE= M —tr (U. 2, UT it follc_)ws that TMSE is a Schur—convex functlon in
(U 21U; +) ;) the eigenvaluegy;}, of ¢2B~! + AT A, which in

o’tr {(02U1EI1U1T +U 3, 5,U7) } conjunction with (12) implies thatD;, achieves the

M I ) Mo optimal solution.

=M — A + o2 + 2 2) M < L:

; L ; ‘;—2 + p7 i:XLJ:rl o? It can be verified that only the first/ ;;s need to be
(10) optimized, and the remaining. — M) eigenvalues may

The Lagrangian corresponding to the optimization prob- be set to zero for obtaining the optimal solution.
lem at hand can be written as follows: In other words, for any/ andL, the optimal solution corre-
I sponds to waterfilling (Fig. 1) the smalle&t(= min(L, M))
22 — TMSE 2_p eigenvalues ofB~! with those of AT A, and aligning the
BRI +ﬁ (; . mt) eigenvectors ofAT A and B as described in the proof of
i ) oL oL Lemma 1.
It is required tha o 0 and B~ 0. The above analysis assumed tiis invertible. However,
Using Kuhn-Tucker conditions [2], this leads to thethe re;ult h_olds even for a r?or)—_invgrtiki}e since it can be.
following optimal solution: madg mvertlble by gddmg an |nf|n|te5|mally s_maII per_turbat|on
matrix (while ensuring thaB is still a correlation matrix). As
Py 02 Lo g2 a result, previously non-zero eigenvaluesBf! will suffer
i = 4| max (O’L + — — - ) (11) very little change, while the other eigenvalues (previously

L i=1 A A zero) will now attain large finite values, but the corresponding
Note that the optimal solution depends only on the firsiimensions will be avoided by the waterfilling solution [5].
L eigenvalues ofB, i.e, {\;}._,. Also, the optimal

solution has the property that ¥; > A;, thenp; < p;
as described in the proof for Lemma 1. It will now be V- RELATIONSHIP BETWEEN TMSE AND SuM CAPACITY

shown that the orderin@); : A1 > As > ... > Ay Verdu [11] derives the information theoretic capacity region
achieves the optimal solution. u ,._,  forawhite Gaussian synchronous CDMA system. Proceeding
FOTF Ofde”n§_101, the eigenvaluegy;},_; of o°B™" + iy a similar manner, the sum capacity for the system under
A" A are given by: consideration can be expressed as:
2L 1 B .
=Y v+, <L <L 1 L
(O =9 LTt b Coum = = log [det<o2IL + SP%BP%ST)} ~ Zogo?

N 1> 14 2 2 (13)
It can be verified that for any other orderiiig;,

M M where it is assumed that the symbaéjsare jointly Gaussian

(itizy (O2) = {7i}izy (O1) (12) " With known covariance.

Now consider the functiorf(z) = ¢. It can be shown It will now be shown that TMSE minimization and sum
that f(x) is convex ifa,z € R*. Using Example 2, capacity maximization are equivalent problems. Using the



notation defined previously, [10]

1 2 T L 2
Coun= 5 log [det(a I, + ABA )} ~Slogo? (14 gy
Lemma 2:YA € A, 3A € A such thatCsm(A) >
Caum(A) and AT A commutes withB.
Proof: Similar to Lemma 11

(12]

(13]

As in the case of TMSE, Lemma 2 when combined with the
fact that two matrices commute if and only if they share the
same eigenvectors [9], restricts the optimization space to that
subset ofA for which the conditionVy, = U; holds. Again,
this condition is sufficient but not necessary.

A similar analysis reveals that sum capacity is Schur—
concave under the total power constraint, and hence
minimizing TMSE is equivalent to maximizinG'sym.

VI. CONCLUSIONAND FUTURE WORK

This paper considered a sensor network model where sen-
sors transmit correlated information to a receiver using a set
of signature waveforms. The optimal signature waveforms and
transmit power levels for minimizing the TMSE at the receiver
under a total power constraint were derived. Furthermore,
the equivalence between TMSE and sum capacity for our
system was shown, in the sense that minimizing the former
corresponds to maximizing the latter under a total power
constraint.

An important area of future work is to carefully com-
pare the efficiency of correlated data transmission using the
scheme presented in this paper to that using distributed source
coding [6] and define suitable metrics for comparing and
contrasting the two. Also, throughout the paper we have
assume that different transmitters operate under a total power
constraint. Search of optimal codewords under individual
power constraints is another important problem and one where
we expect ideas from [12], [7] to prove especially useful.
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