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Abstract— Dynamic allocation of spectrum prior to trans- installed Wireless Regional Area Network (WRAN) base
mission is an important feature for next generation wireless gstations to WRAN user terminals. A service provider (SP)
networks. In this work, we develop and analyze a model for ,eating a base station will share the total spectrum with

dynamic spectrum allocation, that is applicable for a broad . - -
class of practical systems. We consider multiple service providers other SPs in the region and further allocate this spectrum to

(SPs), in the same geographic region, that share a fixed spectrym Users efficiently.
on a non-interference basis. This spectrum is allocated to their ~ Motivated by this SP-user model of DSA, we propose and

customer end users for transmission to the SPs. Assuming that a gnalyze a dynamic spectrum allocation algorithm based on
user can obtain service from all the SPs, this work develops an limited coordination among devices in this paper. We caersid

efficient algorithm for spectrum allocation. The quality of service iered I . h h in Ei 1
depends on system parameters such as number of users and SP<& tWO tiered spectrum allocation scheme as shown In Figure 1.

the channel conditions between the users and SPs and the total There is some total spectru@ Hz available in a geographic
transmit power of each user. The SPs have different efficiencies area which is allocated to the users through the SPs. The

of reception. We adopt a user utility maximization framework ysers are permitted to obtain spectrum from all the SPs.
to analyze this system. We develop the notion of Spectrum \yg a55me that the users obtain non-overlapping chunks of

price that enables a simple distributed spectrum allocation with f he SP id i f A . h
minimal coordination among the SPs and users. Given the user SPECtrum from the SPs to avoid interference. Assuming that

utility functions and the system parameters, we characterize the €ach user application has an associated utility which is@an
spectrum price and the users’ optimal bandwidth allocations. and increasing as a function of spectrum obtained, we adopt
Our Work provides theoretical bounds On_performance limits .Of an ut|||ty maximization framework [2] to ana'yze the System
practical operator to user based dynamic spectrum allocation ;e yser utility functions, channel coefficients betwasars
systems and also gives insights to actual system design. . . .
and SPs and user power constraints, our aim is to derive how
much spectrum should a user obtain from a SP and how power
I. INTRODUCTION should be subsequently allocated for sending information t

We are witnessing a large growth in the scope of wirelelle SPs. We assume that the spectrum utilized by a_SP is the
communications services. In future new broadband applicERectrum it has to allocate to the users and allow for simple S
tions like Worldwide Interoperability for Microwave Acces interaction to share the spectruth We facilitate SPs sharing

(WIMAX) and Third Generation Partnership Project- Lond!® SPectrumC’ by a spectrum clearing house (SCH), akin to
Term Evolution (3GPP-LTE) will co-exist with traditional @0 FCC-controlied regional spectrum broker [3]. Based an ou

technologies like WLAN and 2G cellular. Spectrum alloca@nalysis, we develop the notion ofspectrum price and use

tion among different wireless systems is thus important f8{0 Propose a simple distributed allocation algorithm.
ensuring fairness and efficiency for end-to-end applicatio

The traditional regulatory process for spectrum allocation Related Work and Our Contribution
has been largely non-responsive to application requirégnen K lies in the d in of ith i
This has lead to an artificial scarcity of spectrum and reduce OUr WOrk lies in the domain of systems with non-strategic
QoS for the users who are being serviced. This has md#ge's who follow a common spectrum allocation protocol
vated the development of dynamic spectrum allocation (DSKJthout grlzeglly trylngllto r(?amrg]zeléhewdobjectlve?,. S@I?E;MA
techniques that take into account the application requéresy €MS could be centralized or distributed. Upcoming O

presence of other devices in the region and link gains betwééased cellular systems such as 3GPP'LTE fall in the central-
the transmit-receive pairs ized category. User to subcarrier assignment and power allo

In 2004, the IEEE set up a working group to develoﬁation for OFDMA have been considered for the downlink [4]

the 802.22 cognitive radio standard to employ the unusé‘ad for uplmk' [5,]' These yvorks mostly pons@er weighted
spectrum in the VHF and UHF TV bands to offer wireles§“M rate maximization while we generalize this to concave
broadband services [1]. It has been decided that fixed ssel&tly functions of rates. Also prior work had considered a
access will be provided in these bands by professional gle SP with fixed frequency- bins (OFDM tones) whereas
in our work we allow for multiple SPs and treat spectrum
Paper approved by Thomas Hou, editor of IEEE Transactions ibelé§'s @S a continuous resource. Treating spectrum as continsous i
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subcarriers [6]. In addition, we also allow the differentsSB
have different efficiencies which is defined as the fractibn

Shannon capacity that the SP can reliably deliver. Level T . % z::!eac;:‘un;oltleszu(lg::or:)/
In the distributed non-strategic regime, each user follov SPs (with help of SCH) ! .
a distributed spectrum sharing algorithm. Reference [3] i amongst themselves / >\
troduce the notion of Coordinated Access Bands of spe
trum to achieve distributed coordination for spectrum stgar é'—'é'—ji Service Providers (SP)

Spectrum etiquette protocols that act as simple overlags o | '
interfering devices such as bluetooth and 802.11a/b/gcdsvi ;::e;r]::vide
have been studied in [7]. While [3], [7] have mostly focuse et T
on the network architecture and protocol signaling, thiggpra 0 0 0 EJ U endusers
introduces an analytical price based-distributed alporit
The assumption of non-strategic users is valid when tl
users are transmitter-receiver pairs of a single systemhenw
different Systems in a geographic region are Jo|nt|y dmgn Each user has a total transmit power constraint. The channel
with a common objective [8]. This would require the user@etween SPi and user;j is characterized by the link gain
and SPs operating in a region to agree on simple spectrGgefficient;;, which remains constant during the period of
etiquettes which prec]udes Strategic user behavior. |B|ms SpeCtrUm allocation and Subsequent transmission to th&/&P.
we note that strategic behavior in wireless systems has b@&sgume thak;; is flat over frequency and hence is same no
studied for centralized mechanism design systems in [9] aftter in which band:;; lies. The coefficients;; are assumed
for decentralized Nash power games in [8], [10]. to be known by both users and SPs. The background additive
We also assume that the SPs do not maximize profits dg@ussian noise is assumed of unit power spectral density.
simply provide diversity to the users in their choice of chels We first introduce some notations. A source transmittindn wit
for transmission. This is reasonable for many cases suchP@yerp, over a flat channel of bandwidth and link gain
the spectrum being allocated by a single SP who sets @@s signal to noise ratienr(z, p, h) = hp/x and achieves the
multiple access points in a region. In practice, SPs coul@t€
engage in competition to attract users [11]. In such sibumati r(z,p,h) = zlog (1 + snr(z,p, h)). 1)
our work also provides a baselir_1e case for understanding {i&erms ofr(z, p, h) the rater;; is given by
performance loss and changes in pricing structure as atresul
of competition. Tij = Mt (Tij, Pijs Pij)s (2)

Our model precludes spectrum overlap as we assume hafare . is the fraction of the Shannon capacity that can be
the various users are close to each other and to the SPs @?ﬁbly guaranteed by SPto a user. A possible example
thus spectral overlap would cause significant interfereAse \,,14'he SPi, who has invested in a better decoder (a Turbo
noted in [8], for regimes when the Cross gains between anSiglo o ey with more iterations or better interleaver desfgry

receive pairs are stronger than direct gair?s_, only orthagorA highern; than an SP with a conventional Viterbi decoder.
spectrum allocation guarantees Pareto efficiency. Becalisery, s the total rate at which usgrcan transmit reliably is
orthogonal allocation, our model has similarities withvnetk

Fig. 1. The network topology

flow control models [2], [12]. The notion of SP efficiency N
and the usage of the Shannon rate function (defined later) in R; = R(x;,p;,hy) = Z”J" ®)
the user utilities distinguishes our work. Practical traitters =1
might employ directional antennae to achieve frequencgaeuvhere x; = [z1;---zn;], hy = [hy;---hy;] and p; =

but in this work, we limit ourselves to finding the fundamentdp1; - - 'Pi\(j]- - ) ) _ ‘
limits on gain possible with only bandwidth allocation. The There is a utility functionU;(R;) associated with usef
result will serve as a baseline case for understanding th&ich is concave and increasingty. The operating principle

additional benefits if mu|t|p|e antennae are dep|oyed_ of the network is to maximize social welfare or the sum lﬁlllt
of the users. The optimization problem is
Il. SYSTEM MODEL =
max > U (Ry) (4a)
The network topology is shown in Figure 1. There are 2i520,pis 20,X:20 £
N SPs andL end users and a central Spectrum Clearing L
House (SCH). Based on the demand for spectrum, Service st.Y @ <X, 1<i< N,  (4b)
. . . 1y = [X] >t > )
Provideri provides X; units to theL users or a subset of j=1
them. Letz;; be the amount of spectrum obtained by uger N
from SPi. The users and SPs are assumed to be capable of Zpij <P,1<j<L, (4c)
transmitting and receiving over any spectrum baggdwhich i=1

lies within C. This could be achieved using non-contiguous N
OFDM technology [13]. Subsequently, usgrtransmits his ZXZ' <C. (4d)
data to SP over spectrunx;; at rater;; and with powerp;. i=1



Distributed Spectrum Allocation Mechanism

As shown in (4b),X; is the spectrum utilized by SPwhich 1) AL ime 7, SPs broadcast prige(t).

is equal to the spectrum it has to allocate to the users. WJS€r2) Each useyj solves (10) and calculates;; (1(t)) andp;; (u(t)) for all i SPs.
transmits with powep;; to SPi and as (4c) shows there is g 3) All users pass:;; (u(t)) to each SP.

constraint?; on the total transmit power. The total amount gf 4 The SPs calculata(t + 1) from (11).

available spectrum i€. User; optimizes overz;; andp;;. In TABLE |

Appendix A, we show that the objective is concave in these DISTRIBUTED UPDATE OF SPECTRUM AND POWER
variables and since the constraints are linear, the probkm

be solved efficiently.

spectrum cost. In the context of a spectrum price, this is the
A. Distributed Solution and Pricing payment in terms of the utility function that has to be given t
In this section we give a distributed implementation of thS€'J t0 persuade him to give up his consumption of spectrum.
spectrum allocation problem (4). First we relax the coristsa | '€ Prices is set by a distributed price update for (9)

(4b) and (4d) in the objective function to form the partial N L +
Lagrangiant [14] plt+1) = {u(t) = au(®) | C =YY wi(ult)
L N L i=1j=1 (11)
L(@ij, pij, Xiy Ap) =D Ui (Rj) + ) A | Xi — ij . .
@iy b1y 2 ; i (By) ; ;xj where z;;(u(t)) is the spectrum obtained by usgrfrom

N SP i, for a given value ofu(t) and «,(t) is a positive
tulc- ZX' (5) step size. From (11) we see that if the spectrum is under-
v utilized, ¢ — 3=, S°7 | @i;(u(t)) is positive and thus the

=1 . o I .
' price decreases to facilitate greater utilization of speunt

where X = [Ai,---, Ax]". The stationarity conditions W.r.t. Similarly if spectrum is over-utilized, the price increas&his
X; can be expressed as, is summarized in the following theorem
oL Theorem 1: The global spectrum price charged by all the
0X; Ai—p =0, (6)  sPs is set such that the entire spectrum is utilized.

The distributed spectrum allocation mechanism is given in
Table I. From [16, Proposition 3.4]u(t) given in Table |
converges to the equilibrium prigefor proper choice of step
size o, (t).

with equality holdingiff X; > 0. Interpretingu as the price
the SCH charges to the SPs ahgd as the price that SR
charges to its users [2] we see that eachiSRat provides
non-zero spectrumX; > 0) charges the same price = .
This is because the SPs have no objectives of their own.
Thus we form the Lagrangian I1l. CHARACTERIZING THE SPECTRUMALLOCATION

N I We will denote the first and second derivatives of the utility
¢ i
L(xij, pij, p) = Z Uj (R;) — p Z Z zij +pC  (7) unction by

j=1 i=1 j=1 . A OUj A 0%U;
U;(R;) & ==, (R;) = . 12
for the new optimization problem and the dual i) OR; () OR? (12)
- o The derivatives of the rate functiot{x, p, h), in (1), are
D(p) o max L(zij,pijs 1) ) . o h)
T X
st pi <P, 1<j<L. ®) b op  x+hp 1+snr(x,p,h)
i=1 A Or hp hp
Fx(x,p,h):—:log 1+— -
The spectrum price: is set jointly by the SPs and the SCH Ox z x + hp
by minimizing the dual — log (1 + snr(z,p, b)) — snr(z,p, h) (13b)
. 1+ snr(z,p, h)
min D (p). ©) o
n>0 It follows from (2) and (3) that the derivatives @f; wrt x;;
From (7) the optimization in (8) decomposes into separaddp;; can be expressed as,
optimization problems for the users [14]. The optimization OR.
subproblem for usej is 3p,J, = mil'p(ij, Pijs hij), (14a)
ij
a OR; _ Lo (i, pij hij) (14Db)
Uj = oA Uj (R;) — M§$ij (10a) By T e\ Pis i)
N To arrive at the optimal solution for the user subproblem
s.t. Zpij < P;. (10b) (10), we first write its Lagrangian
=1

N N
Quantity2/;, called theuser surplus in microeconomics [15, L; =U;(R;) - Zﬂxij + 5 (Pj - Zpij) . (15)
Chapter 14], is the residual utility of usgrafter paying the i=1 i=1



where all Lagrange multipliers are positive. The statidgar Observation 1: The following observations can be made

conditions for the Lagrangian are a) Low snr;; regime: Use (1 + )" ~ 1 4 na in (20b) to
oc; . obtaini; = arg max nihij.
ori; iU (Rj)Ta (i, pig» hag) < o (162) by Hign snr;; regime: Use the approximatiofl + z)" ~
oL, . z™ in (20b). For a better insight consider 2 SPs with
oy niU; (R;)Up (235, pij, hij) < v, (16D) SP 1 being more efficient. Thug = 7, /n, > 1. The
) ] ) ) condition for which SP 1 is the active SP for ugdurns
with equality holding for users withx;; > 0 andp;; > 0 out to be
respectively. o\ V(0=
Theorem 2: In the optimal solution of (10) only one SP is r; < P(ﬁ) (22)
active per user almost surely. 2j
Proof: Consider useyj and SP; and assume;; > 0 and Thus user;j attaches to the more efficient SP when the

pij > 0. Thus (162) and (16b) are satisfied with equality.  optimal bandwidth allocation’ is less than a threshold.
Dividing (16a) by (16b) and after some manipulation we  That is, user;j will use the more efficient SP when

obtain, bandwidth becomes scarce.
hijpij hiipij hi;pij Corallary 1: If all SPs have the same efficiency, then each
<1 + i log { 1+ Tij ) xi = fijhij, (17)  yser obtains spectrum from the SP to which it has the highest
) ) link gain.
wherer; = p/~;. Now consider the functio(snr) = (1 + Proof: Follows from condition (20b) withy; =7. m
snr) log(1 + snr) — snr, which can be shown to be one-to-one | aryma 1: The following facts hold
and increasing irsnr. Substituting forsnr = hi;pi;/i; = g (7(R) for R = r(x, P, h), as defined in (1), is a decreasing
U~ (k;hi;) in (13a) and then substituting fdk,(-) in (16b)  fnction of «.

we obtain b) I'y(z, P,h) is a strictly decreasing function of and is

U, (R,) hij o (18) positive for all values ot = [z, P] for fixed h.
MR T U—1(kih; ) - ~ Proof: a) SinceU (R) is concavel[/(R) < 0. This means
We prove the rest by contradiction. Let usgrobtain U(R) is decreasing inRk. But R increases inz from (1).

. Combining we get the desired result.
spectrum from SP$ and k. From (18
P (18) b) It can be verified that(x, P, h) is concave and increasing

nilij _ Mk Tk (19) in v = [z, P] for fixed h and thus concave and increasing
L4+ U= (kihi) 1+ U (kjhyy) in z for fixed P and h. From concavity ofr(x, P,h) wrt z,
Now sinceh;; is a continuous random variable the probability = (%, P; i) is monotonic decreasing inand sinceR(z, P, h)
of event (19) is zero. Thus each user obtains spectrum frdfnincreasing, we conclude that, (z, P, h) > 0. u
one SPalmost surely. m [nthe next Theorem, we verify that each user obtains a lstrict
Various flavors of Theorem 2 are also observed in [17], [18]. Positive spectrum allocation. Intuitively this makes seas if
instead of a net spectrum constraint ((4b) and (4d) togpth@ruser is not allocated spectrum then th(_a potential incriease
there were individual spectrum constraints at each SP (off}e Sum utility due to his transmit power is wasted. The proof
(4b)), then the problem dies would occur [4], [5]. appearing in the Appendix B shows that Whgn a new user
Let the active SP of usej be denoted byi?. Denote L +1 joins the.s.ystem of. users, a new allocation in which
w7, his; and ;s by af, ht and n? respectively. The user each of the originall, users forfeits spectrum and userL
optimization in (10) can be re-written by considering onlpbtains spectruni.c provides higher sum utility for small.
i = it. The rateR; given in (3) has contribution only from Theorem*3: In the optimal allocation each usegrobtains
ri+; and is denoted byRs = nra7 log (1 4 i P; /7). spectrumz; > 0.

B. Dependence on Marginal Utility and Received Power

. . . . Theorem 4: When two users have the same channel gains,
Since usey; is attached to SE7, from (4), it means that if transmit powers and active SP efficiencies, the optimatallo

'.t were _allocated the optimum §pectruzrp from any other SP tion of spectrum favors the user with a highmaarginal utility
i # i3, it would have still obtained a lower utility. Since the

utilty U (R;) is an increasing function ak; this implies that of spectrum i.e. whose utility function has a higher rate of

 obtains the hiah f for o increase with spectrum.
usery o tains t €hg est r?‘te rom S for given spectrum Proof: Consider userg andk with utility functions satis-
x}. Define the signal to noise ratisnr;; = h;; P/x}. Thus

fying U;(R) > Uk(R) for all R and for whomhj, = b} = h,

A. Insights to SP User Assignment

i = argmax n;a log (1 + snr;;) (20a) Pr = P; = P andn; = n;. Let t.he allocated spectrum for
¢ ; usersj andk bez; andzj, respectively. We have to show that
= arg miax (1 + Snrij)”‘ . (ZOb) .T; > TZ
Actually if user j were to be associated with SP£ i7, the bo'toﬁiusrgres the contrary i.e:;, > 7. Now consider (16a) for
allocated spectrum would be different franj, but this does ) .
not affect our result. Uj(R;)Va (25, Poh) = Up(Rp)Ua (g, Poh) = . (22)



Considerzy > xzj. Let R;
R;(xy, P, h). This implies
. (a) . (®) . . .

1) Uj(R}) > Ux(R;) > Uk(Ry) where (a) is given
in the statement of the problem arjél) is true from

Lemma 1(a)

2) Ty(z}, P,h) > Ty(zy, P, h) from Lemma 1(b)
ThusU; (R)T (a7}, P, h) > Uk(R})T o (af, P, h) from points
1) and 2), which contradicts (22). ]
This is because a unit of spectrudz yields a higher
contribution to sum utility when allocated to usgrthan to

Rj(z}, P,h) and R}

We have to show that} > z;. Assume the contrary that the
event A = i;‘ < zj holds. Since there is a sum spectrum
constraint, A = B, where5 = &; > x}, for some usek # j.

From (25a), the old allocation for usek satisfies
niUp(ROT (x5, Py, hi) = . FromB, 75 > 2% and applying
Lemma 1 we obtain,

MU (BT o (8, Py, hi) < p. (26)

For userj, there are two changes: a decrease in allocated
spectrum and an increase in transmit power. Let us see their
effects in isolation. First keep transmit power unchangedm

user k. This has also been observed in [12] for a networld, &% < % and using Lemma 1 we get

flow control problem.

We can illustrate this phenomenon with the class of expo- ;Ui (R (25, Py, hy))Ue (25, Py, hy) > pe

nential utilities given by

U;(R) =T} (1 - e_R/FJ') , (23)

whereI'; is the target rate of userj. For example,l’;
10° b/s might be appropriate for a file transfer while

104 b/s would be adequate for a voice application. Since
U;(R) = e #/Ti is increasing inl'; for all R, the high target

rate users are allocated more spectrum than those with
ones. AsR — oo, these utilities become flat, i.&;(R) — T';.

(27)

oU; /0

Next we keep the spectrum fixed and consider the increase in
transmit power. From Lemma 2

n;Uj(Rj(x;’Pj’hj))rx(xjvpjvhj) > pe (28)

AU, /OP;

IBgcall that Rt = R;(&},P;,hy). Since U;(-) is jointly
concave inz; and P; from Appendix A we conclude from

Another class of utilities used to model elastic appligagio (27) and (28) that,

are « utilities [19], given by

Ua(R)

(24)

1
aRa, 0<a<l1, Uy(R)=1log(R).

«a = 1 gives rate as the utility and for lower values ®f the
utility increases sub-linearly for rates above a thresholuiis
high o models applications with high rate requirements.

Lemma 2: For o utilities, U(R)T,(z, P,h) is a strictly
increasing function ofP for fixed .

Proof: Refer to Appendix C. ]
Note thatU(R(z, P,h)) is actually decreasing in P while
T, (z, P,h) is increasing inP. For « utilities, we show, in
Appendix C, that their product increases with This need
not be true for any arbitrary increasing concave functioichs
as the exponential utilities in (23) as they flatten ouf at

Theorem 5: If all users havea utilities and the received

n;UJ(]:Z;‘)FI(i;‘, Pj, hj) > u, (29)
But (26) and (29) taken together contradict (25b). Hence our
original assumption, event4 andB are wrong. Thus’; > z
which impliesz;, < x; for some usek # j. Hence,

~ ) x17 (D* ~x ®
i Y rUW(RET o (FE, Pe i) > 1o, (30)

where (a) follows from relation (25b) and (b) follows from
Lemma 1. Hence proved. [ ]
Thus userj demands more spectrum as his transmit power
increases. This leads to a higher price and all other us¢asob
less spectrum.

Corollary 2: The user with increased power derives a
higher utility and surplus and the sum utility also increase

Proof: The utility of userj, U;(R}) increases as it is

power of one user increases and user to SP assignments rerdaifncreasing function of botk; andz;. In Appendix D we
the same or the user switches to a SP with same efficienghow that the surplug/;(z}) = U;(R}) — pa} increases with
then that user obtains more spectrum and the spectrum price The increase in sum utility can be proved indirectly as

increases.

Proof: Consider userj and letk # j be any other user.

Let the price beu and userg and k obtain spectrum; and
x%. Let userj increases his power frof; to P; > P;. Let the
new allocations b&; andzj, for usersj andk. The spectrum
price changes fromu to /i and the rates fronf?; and i, to

follows: consider the suboptimal allocation where eachr use
[ is retained atc;. Since the power of usef increases, this
allocation will still increase the utility of usej and thus the
sum utility. The optimal utility can not be worse. ]

C. Dependence on number of SPs and Users

Rj and R for usersj and k. By Theorem 3, all spectrum  theorem 6: As more users are added to the system, the

allocations are strictly positive and relation (16a) holdh
equality for the old and new allocations and

0 U (R;)Co (x5, Py, hy) = npUs(Rp)T o (25, Piy hie) = po.
(25a)

W;Uj(R;)Fm(f;ija h;) = niUs(R})T o (5, Pry hi) = fi.
(25h)

spectrum price increases.

Proof: Assume that the system is in equilibrium with
users who have been allocated spectrum and lsgern user
joins in with link gainh} , and transmit powef’, ;. From
Theorem 3, in the new equilibrium, he is allocated non-zero
spectrum. This will reduce the allocated spectrum for dieot
usersj, 1 < j < L. Sinceh; and P; stay the same, this means



that the price of spectrum goes up from Lemma 1 and (16§)Pl7 n, SP2, n,

considered with equality at the new price. A new user in@sas = -~

the demand for spectrum thus raising the price. ] i
Theorem 7: If all SPs are equally efficient and users have variable fixed

« utilities then the addition of an SP either increases th «— —

spectrum price or keeps it unchanged.
Proof: Assume that the system is in equilibrium and SP

N +1 joins in the system. If it offers no better channel to any 500m
of the users than their existing ones, i.ehjf > h(y1); for Fia 2. The i  with sPs and
all j, then no user engages itself to the SP and the optinial’ = "¢ '"ear network with two SPs and two users.
solution (spectrum price, spectrum allocated etc) is theesa
as before.

However, if for userj, the new SP provides a better channel V. NUMERICAL RESULTS

coefficient, i.eh} < h(y.1);, then userj engages itself to SP The spectrum allocation algorithm has the following basic
N +1 and adjusts its engaged SP index:jo= N + 1 and steps

channel coefficient tdij = h(y1);. Thus userj’s channel 1y op lection by users: The atomic setting is a network
condition to his active SP has improved and as per Theorem 5,” |\t ohe user and two SPs with different efficiencies

thiprice goeSsPup.. _— o - o 2) Specirum allocation to users: The atomic setting is
s more SPs join the system, a subset of them offer * ' onyork with one SP and two users with different

better link gains to users resulting ipetter access to the received powers
spectrum. This increases demand for spectrum and hence the id i ' K of t d two SPs which
price increases. To understand this consider an analogy fr € consider a network ot two Users and two S WhICT
beachfront property: There exist beach-houses (analot_smuéncorporate_S both Steps. we bgheve that insights from this
spectrum) and they are in demand from vacationers. If go gtwprk Ll apphcablg to bigger T‘e“’.“’”‘s as we_II. we
roads are built so that these houses become easissible consider two SPs in a linear cell with inter-base distance

. . . . . f 500 meters as shown in Figure 2. For path loss, we
analogous to improving link gains or transmit power) thef . .
Eheir dgemand goer'Js up :?nd sogdo their prices P ) choose the COST-231 propagation model for outdoor WiMAX

environments [21] at an operating frequency2of GHz. Let

IV. LINEAR UTILITY FUNCTIONS, Uj(Rj) — R]. the noise power SpeCtral denSity ofy = —174 dBm/Hz.

This is the sum rate maximization problem and gives é‘ﬁenote the SR to user; distance byd;; and the link gain,

indication of the capacity of the user-SP vector channel. at incorporatesNo, by hi;,
present the results and the reader is referred to our p®viou p;; ;5 = Poss— Ng = —31.5 — 351log(d;;) — No.  (33)
work [20] for the details. ) ) o
Theorem 8: For given link gainh*, power P; and efficiency The distances are measured with SP 1 located at the origin.
] 1

117, user;j operates at a unique signal to noise ragiw;; which USer 2 is fixed at a distance of, = 100 m from the SP

User 1 User 2

is given by the solution of 2 and the location of user 1 is varied frof; = 1 m to
snrt di11 = 499 m from SP 1 in steps of m. The total spectrum
®(snry) =log (1 +snr;) - —L— = i (31) is 50 KHz. The following classes of utilities are considered

L+snry nj based on the required rates of a user,

From (31) we can also interpret SP efficiency as a scalinga) low required rate: For utilities U(R) = log(R) and

factor of spectrum price:, i.e. a SP with higher efficiency for exponential utilitiesI’ = 1 Kbps.

has a smalleeffective price 11/7;. b) high required rate: Forr utilities U(R) = R and for
Corollary 3: If all SPs are equally efficient, allocated spec- exponential utilities” = 1 Mbps.

trum and user surplus are given by

We first consider the spectrum allocation for users with

h; P; exponential utilities. Let user 2 have high required rate.

;= ZL L P, c, (32a) SP efficiency ratios ofy2/n; = 1 and 10 are considered.
k=1"'%k"k . ;
h* P; Figure 3 shows the fraction of the spectrum allocated to user
U(x;) = = - . (32b) 1. Italso indicates the active SP of user 1. The t&hBwitch
L4y hiPe/C at distanced = ds means that foel < dg user 1 is attached

It can be shown that (32b) is an increasing functiopthus to SP 1 and ford > ds it switches to SP 2. First consider
validating Theorem 5. From (32a), the spectrum allocatfon that user 1 has &igh required rate. Note that the switch to
directly proportional to the received signal power and leen&P 2 occuers earlier when it is more efficient. The spectrum
can be very unfair if the users have wide variations in linkatio is mostly increasing in the link gain to the active 8F,
gains and transmit powers. The use of exponential andas the rate function in (1) is increasing & and spectrum
utilities mentioned in Section Il lead to more fair allocat =} and if A} improves then the rate achieved is increased
of spectrum as the allocation now depend on the margiralen more by allocating more spectrum. Also an increase in
utilities which have a lesser variation than the link gav& R for low/mediumR increases the utility/(R). Howeverz}

will explore this in Section V via numerical experiments. becomes constant in the regidhdefined byn,/n; = 10 and
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Fig. 4. The spectrum pricg as a function of user 1 distance from SP 2 for
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and user 2 is fixed at 100m from SP 2 Fig. 6. Fraction of total spectrum allocated to user 1 as atfan of distance

for different target rates and SP efficiencies. Both usere hautilities and
user 2 is fixed at 100m from SP 2

da1 > 400 m. This is because the exponential utilit} (R)
flattens near the value @f; at high R. In regionV user 1 has
a very highhj (to SP 2) and SP 2 is more efficient. So user The corresponding results when users havatilities are
1 achieves a high rate and his utility is ndar. This can be shown in Figures 6-8. The same trends of exponential utility
seen in Figure 5. Thus as user 1 gets closer to SP 2, any exéisults are observed but the disparities between the users i
spectrum would increase its rate but not its utility. Anothegerms of spectrum allocated and utilities are much morerseve
way to interpret this is to look at the prices in Figure 4. Fdior dissimilar link gains. Comparing Figures 3 and 6 we see
regionV both users are close to the flat regions of utilities artlat when user 1 hatow required rate, allocation:; for
hence demand for additional spectrum is less. Consequentlytilities is significantly less tharxj for the exponential
the prices are initially constant and then falls slightly. utilities. The userj with a strongerh; has a much larger
Figures 3-5 also show results when user 1 lloasrequired impact on the prices fou utilities. From Figures 4 and 7 we
rate. Allocationz; is much less as per Theorem 4. Howevesee that whem3 > hj, the o prices vary much less with
x7 is enough to satisfy user 1’s utility. Sineg is less, user ds; than the exponential prices. The unbounded nature of
1 always attaches to the more efficient SP as per obseruétities also mean that there is always demand for spectrum
tion 1(b). The prices are almost invariant to changedsn Accordingly Figures 4 and 7 for the (high,high) case show
This is because user 2 gets majority of the spectrum and thhat o prices in region) keeps on increasing unlike the
sets the demand. Since it is stationary the prices change oekponential prices. Overall exponential utilities yieldoma
with SP efficiencies. equitable spectrum allocation thanutilities.
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We have assumed that system parameters such;as
N and L stay constant during the optimization operation
and the subsequent transmission. Whenever they change the
optimization needs to be re-done. While we have not addressed
, such timescale issues, it is safe to say that proposed pag=tb
allocation is ideal for static outdoor settings with a sgdine-
of-Sight component between users and SPs. For more mobile
environments the average values of link gains can be used to
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Fig. 7. The spectrum pricg as a function of user 1 distance from SP 2 for Leémma 3: If U(R) is an increasing and concave function
different target rates and SP efficiencies. Both users hawtlities and user in R thenU(nR) for R = xzlog(1 + hP/x) is an increasing
2is fixed at 100m from SP 2 and concave function of the vecter= [z, P]

Proof: U(R) is increasing and concave iR. It can be

W ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ shown thatR(x, P,h) is concave inv = [z, P]. The rest
- follows from [14, Section 3.2.4]. ]
1Pk IR ] Theorem 9: If U;(R;) is increasing and concave then
. /,/"/ AN U; (Zfilmz,;j log(1 + hijpij/:r,;j)) is increasing and con-
o ,_,,—"" Y cave in the vectov™) = [vy, .-+ vn] wherev; = [z, pij].
Wl -7 - User 2, low, high] Proof: Let ri;(v;) = mxijlog(l + hijpij/xi;) and

- - cuserzmonol Ry (vON) = N ri(v,). ThusV2R; = diag Dy, -+ , Dyl

User Utilities

= = User 1, high, higH . . .
1} o User L low g IS E\P;e hessian. Consider any vectoe R?V. 27 (V2R;)z =
, Sisizil Diz; where z; = [z9;_1,20]. Since eachD; is
10 ¢ 3 negative definite from Lemma (3), the sum is negative.m
10}
APPENDIXB
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SP 1 to User 1 distance (meters) Define VUj (:L‘j) = an /axj = Uj (RJ)FI (xjv P, h) and

M = max; VU;(z}j — ¢€) for somee > 0. From Lemma 1,

Fig. 8. The utilities for both users as a function of distafwedifferent VU () is decreasing. The decrease in sum utility is
target rates. Both users haweutilities and user 2 is fixed at 100m from SP
2. The efficiency ratio is)2 /m = 10

L x L
AUdec:Z/ ~ VUj(z) dISZVUj(x;—e)e<MLe.
j=1 az;fe

j=1
(34)
VI. DISCUSSIONS ANDCONCLUSION However the utility of uset. + 1 is
Dynamic spectrum allocation is important both for central- Le
ized broadband access networks and decentralized cagnitiv AUine = VUpt1(z)de > VUL (Le) Le, (35)

radio systems. Efficient networks are often designed for no 0

strategic behavior either by a central command and cont’%lOm (34) and (35), we have to s_h(_)w eX|s_ten(?,eeof>_0
plane or by adherence to a distributed protocol. In this wo@’Ch thatVU_L“(Le) >.M‘. Now M is increasing it while
we have developed and analyzed a two tier allocation systefiy L+1(L¢€) is decreasing ir. As e - 0, VU1 (Le) — 00
for non-strategic users who obtain spectrum from multipﬁée tol’; while M — max; VU;(z). Thus ate = 0, the
SPs. We model the system from user welfare maximizati creasing funct!on is above the increasing funct!on 'and S0
framework. We show that in the optimal policy each usdf€Y @€ Sure to intersect at some= x,. So fore satisfying
obtains spectrum only from one service provider given byoa< € <z, there is a net increase in sum utility by allocating
function of the link gains and provider efficiency. Based on o spectrum to user + 1.

analysis we develop the notion of a spectrum price to fatdit

distributed allocation. For two general classes of concave APPENDIXC

utility functions namely exponential and, we analytically PROOF OFLEMMA 2

characterize the spectrum allocation and price. We show thaWe have to show thal/ (R(z, p, k)T, (z, p, k) is a strictly
our results are consistent with basic economics princi@es increasing function op for fixed x whenU(R) = R/« for



0 < a < 1. Alternatively substitutingz = hp/z we have to
show that the following is strictly increasing in

Since (log (1 + z))“ is strictly increasing inz, a sufficient [12]

(alog (1 + 2))* " [10% (1+2) - ﬁ}
z/(1+ 2) } .

log (1+ %) (36)

=21 (log (1 + 2))* [1 —

condition is to show thaf(z) = (1+z)log(1+2z)/z is strictly

increasing inz, which is proved by evaluatingj(z) and using [13]

the fact thatz — log(1 + z) > 0 for all z > 0.

APPENDIXD
USERSURPLUS IN COROLLARY 2

We have to show that/ = U(R(z,p,h)) — px for

w=U(R(x,p, h))T.(x,p, h) is increasing inp. A sufficient
condition is to show that{(x,p, k) is increasing in bothc

and p for fixed h, since Theorem 5 proved that increasing [18]

increasesc. Define R, (z,p, h) = dT',,/0xz. We can show

au
ox

SinceU (R) is increasing and concavé(R) > 0 andU(R) <
0. SinceR(z,p, h) is concave inc, R,.(x,p, h) < 0. Using
all these we can show that{/dx > 0. Differentiating

ou . .. . or,
W URIT,—=x [U(R)FPFI +U(R) p }
or,

9

=U(R) {rp —x } —2U(R)T,T,.

It can be shown that,

or', ha?
rn—-»—=——+-—- . 38
P Op (x4 hP)? >0 (38)

With this information we can also show thafl/ /Op is positive.

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

REFERENCES
G. Chouinard, “Wireless regional area network, (WRAN}tial sys-

=~ [U(R) Ry (w,p, 1) + U3 (RT3 (2,0, 1) | . (37) 9

V. Rodriguez, K. Moessner, and R. Tafazolli, “Auctioniv@m dynamic
spectrum allocation: optimal bidding, pricing and serviceorities
for multi-rate, multi-class CDMA,"In Proc. of IEEE Symposium on
Personal, Indoor and Mobile Radio Communications (PIMRC), 2005.
W. Yu, W. Rhee, S. Boyd, and J. Cioffi, “Iterative watdltifig for
gaussian vector multiple-access channel§EE Trans. Information
Theory, vol. 50, pp. 145-152, January 2004.

A. Ozdaglar and R. Srikantncentives and Pricing in Communication
Networks, chapter in Algorithmic Game Theory. N. Nisan, T. Rough-
garden, E. Tardos, and V. Vazirani, editors: Cambridge UsitiePress.
S. Low and D. E. Lapsley, “Optimization flow control, I: Bia algorithm
and convergencefEEE/ACM Trans. Networking, vol. 7, pp. 861-874,
December 1999.

R. Rajbanshi, A. M. Wyglinski, and G. J. Minden, “An eféat
implementation of NC-OFDM transceivers for cognitive racfiés Proc.
of IEEE Cognitive Radio Oriented Wreless Networks and Communica-
tions, pp. 1-5, June 2006.

S. Boyd and L. Vandenberghe&Sonvex Optimization.
University Press, 2004.

H. R. Varian,Intermediate Microeconomics. W. W. Norton, 1999.

D. Bertsekas and J. Tsitsikli®arallel and Distributed Computation.
Prentice Hall, 1989.

W. Yu and J. M. Cioffi, “FDMA capacity of gaussian multipbccess
channels with ISI;1EEE Trans. Communications, vol. 50, January 2002.
R. Knopp and P. A. Humblet, “Multiple—accessing overgiuiency—
selective fading channelslh Proc. of IEEE Symposium on Personal,
Indoor and Mobile Radio Communications (PIMRC), vol. 3, September
1995.

J. Mo and J. Walrand, “Fair end-to—end window—basedgestion
control,” IEEE/ACM Trans. Networking, vol. 8, pp. 556-567, October
2000.

J. Acharya and R. D. Yates, “A framework for dynamic spactisharing
between cognitive radios,'n Proc. of IEEE International Conf. on
Communications (ICC), June 2007.

“Mobile WIMAX part |: A technical overview and performae
evaluation, WiIMAX forum,” http://www.wimaxforum.org/teclofogy/
downloads/MobileWiMAX _Partl Overview and Performance.pdf.

Cambridge

Joydeep Acharyareceived his B.Tech. degree in
Electronics and Electrical Communications from In-
dian Institute of Technology, Kharagpur in 2001
and M.S. in Electrical Engineering from Rutgers
University in 2002. He is currently pursuing his
PhD in Electrical Engineering from Rutgers Univer-

sity. From 2001 - 2002, he worked as a research
consultant in GS Sanyal School of Telecommuni-
cations, IIT Kharagpur on Physical Layer design
of WCDMA. Since 2003, he has been a graduate
assistant at Wireless Information Networks Labora-

tem concept,”|EEE 802.22-04-0003-00-0000, vol. Plenary meeting tory (WINLAB), Rutgers University. His research interestelide spectrum
of the IEEE 802.22 WG on WRANSs, no. Available online at:regulation for wireless systems, resource allocation andra@imnomics

http://ieee802.0rg/22/, Nov 2004.

F. Kelly, A. Maulloo, and D. Tan, “Rate control in communtizan
networks: shadow prices, proportional fairness and stgabilJournal
of the Operational Research Society, vol. 49, pp. 237-252, 1998.

M. Buddhikot, P. Kolodzy, S. Miller, K. Ryan, and J. EvatiBIMSUM-
net: New directions in wireless networking using coordétktynamic
spectrum access|EEE WoWMoM, pp. 78-85, Jun 2005.

J. Huang, V. Subramanian, R. Agrawal, and R. Berry, “Danial
scheduling and resource allocation for OFDM systenhts,"Proc. of
IEEE Conf. on Information Sciences and Systems (CISS), March 2006.
J. Huang, V. Subramanian, R. Berry, and R. Agrawal, “Jsitfieduling
and resource allocation OFDM systems: Algorithms and perfooma
for the uplink,” In Proc. of Asilomar Conf. on Sgnals, Systems and
Computers, November 2007.

“Long Term Evolution (LTE): Overview of LTE Air Interfag,” http:
/Iww.motorola.com/mot/doc/6/699®otDoc.pdf.

X. Jing and D. Raychaudhuri, “Spectrum co-existencek#E 802.11b
and 802.16a networks using reactive and proactive etigjysilicies,”
In Proc. of ACM SSGCOMM, vol. 11, no. 4, pp. 539-554, 2006.

R. Etkin, A. Parekh, and D. N. C. Tse, “Spectrum sharinguolicensed
bands,” In Proc. of |IEEE Symposium on New Frontiers in Dynamic
Spectrum Access Networks (DYSPAN), pp. 251-258, Nov. 2005.

principles as applied to wireless communications, MIMO and®Fsystems.

Roy Yatesreceived the B.S.E. degree in 1983 from
Princeton and the S.M. and Ph.D. degrees in 1986
and 1990 from MIT, all in Electrical Engineering.
Since 1990, he has been with the Wireless Informa-
tion Networks Laboratory (WINLAB) and the ECE
department at Rutgers University. Presently, he is
an Associate Director of WINLAB and a Professor
in the ECE Dept. He is a co-author (with David
Goodman) of the text Probability and Stochastic
Processes: A Friendly Introduction for Electrical and
Computer Engineers published by John Wiley and

Sons. He is a co-recipient (with Christopher Rose and Sehtukus) of
the 2003 IEEE Marconi Prize Paper Award in Wireless Commuinioat
His research interests include power control, interfeeerappression and
spectrum regulation for wireless systems.



