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Abstract— We develop a system model where multiple service
providers (SPs), in the same geographic region, share a fixed

spectrum, on a non-interference basis. This spectrum is allocated SAg Spectrum Requlator
to end-users for transmission to the SPs. We assume that a Level I i) (govtorg. e.S. FCC)
user can obtain service from all the SPs. The quality of service ohare et of Sciy

depends on system parameters such as number of users and SPs amongst themselves >\

the channel conditions between the users and SPs and the total . .
transmit power of each user. We adopt a user utility maximization é"'é"' To0r 2 B Stmtion)
framework to analyze this system. We introduce a spectrum i i i

price that enables a simple distributed spectrum allocation with Level II

minimal coordination among the SPs and users. Given the user g":cl;:::dti

utility functions and the system parameters, we characterize the ond users Ij/ Iﬁ

spectrum price and the optimal bandwidth that the users should 0 0 endusers
obtain.

Fig. 1. The network topology

I. INTRODUCTION

In the future, we are likely to experience multiple wirelesQur aim is to derive how much spectrum should a user obtain
devices belonging to different technologies in the same gdom a SP and what power should be allocated for sending
graphic region. Spectrum allocation among different traitis information to the SPs. We allow for simple SP coordination
receive device pairs is thus important for ensuring faisnet® share the spectru@ where the spectrum utilized by a SP
and efficiency for end-to-end applications. The traditlon&€epends on how much spectrum it has to allocate to the users.
regulatory process for spectrum allocation has been kargdihis is facilitated by a spectrum clearing house (SCH), akin
non responsive to the application requirements. This has ni@ an FCC-controlled regional spectrum broker [3]. Based on
tivated the development of dynamic spectrum allocation4pS our analysis, we also propose a simple distributed allonati
techniques that take into account the application requérgsy algorithm based on the notion spectrum price
presence of other devices in the region and link gains betwee
the transmit-receive pairs. Il. RELATED WORK

In 2004, the IEEE set up a working group to develop the Our work lies in the domain of systems with non-strategic
802.22 cognitive radio standard to employ the unused spesers who follow a common spectrum allocation protocol
trum in the VHF and UHF TV bands to offer wireless broadwithout greedily trying to maximize their objectives. Sugys-
band services [1]. It has been decided that fixed wirelesssacctems could be centralized or distributed. Upcoming OFDMA
will be provided in these bands by professionally installeased cellular systems like WIMAX, 3GPP-LTE and 3GPP-
Wireless Regional Area Network (WRAN) base stations & UMB fall in the centralized category. User to subcarrier
WRAN user terminals. A service provider (SP) operating assignment and power allocation for OFDMA systems have
base station will sense unused spectrum and allocate iets useen considered for the downlink [4], [5] and for uplink [6],
dynamically depending on their applications. [7]. These systems mostly consider one SP with fixed fre-

Motivated by the SP-user model of 802.22, in this paper wpiency bins (OFDM tones) wheras in our work we allow
propose and analyze a dynamic spectrum allocation algeritfior multiple SPs and treat spectrum as a continuous resource
based on aspectrum priceand limited coordination among Treating spectrum as continuous is justified for systemsevhe
devices We consider a two tiered spectrum allocation schentiee subcarrier spacing is small and the number of subcarrier
as shown in Figure 1. There is some total spectrtinHz is large. An example system is LTE which can operate with
available in a geographic area which is allocated to thesuséh KHz spacing an®048 subcarriers [8]. In addition we also
through the SPs. The users are permitted to obtain spectraltow the different SPs to have different efficiencies whigh
from all the SPs. We assume that the users obtain natefined as the fraction of Shannon capacity that the SP can
overlapping chunks of spectrum from the SPs to avoid intaeliably deliver.
ference. Assuming that each user application has an asstcia In the distributed regime each user follows a distributed
utility which is concave and increasing as a function of spespectrum sharing algorithm like CSMA/CA in 802.11a/b/g
trum obtained, we adopt an utility maximization framewd2k [ systems. Reference [3] introduce the notion of Coordinated
to analyze the system. Given user utility functions, chéannaccess Bands of spectrum to achieve limited coordination
coefficients between users and SPs and user power constrafot spectrum sharing in a distributed way. Spectrum etiguet



protocols that act as simple overlays over interfering cievi j transmits with powep;; to SPi and as (4c) shows there is

such as bluetooth and 802.11a/b/g devices have been studiambnstraintP; on the total transmit power. The total amount

in [9]. While [3], [9] have mostly focused on the networkof available spectrum €. User j optimizes overz;; and

architecture and protocol signaling, this paper studies th;; and the SP optimizes overX;. It is shown in [10] that

spectrum allocation problem from an analytical standpoint this is a convex optimization problem and thus can be solved
efficiently.

Il. SYSTEM MODEL

The network topology is shown in Figure 1. There afe A Distributed Solution and Pricing
SPs andL end users and a central Spectrum Clearing HouseForm the partial Lagrangia [11] by relaxing the con-
(SCH). Service Provider providesX; units to the users. Let straints (4b) and (4d) in the objective function to obtain
x;; be the amount of spectrum obtained by ugerom SP I N I
i. Subsequently, usef transmits his data to SP over this oy _ (D , o g
spectrum at rate;; and with powerp,;. Each user has a totalﬁ(z”’p”’X“ An) Z; Us (B) +Z Ai| X ZI”
transmit power constraint. The channel between 8Rd user = - N
Jj is characterized by the flat fading link gain coefficiéns. o <C B ZX> )
The coefficientsh;; are assumed to be known at both the users ‘
and the SPs. We also assume that the background additive _ ) N
Gaussian noise is of unit power spectral density. A sour¥d1erex = [Ar,---,Ay]|". The stationarity conditions w.r.t.
transmitting with powep, over a flat channel of bandwidth X: can be expressed as
and link gainh has signal to noise ratiosmr(x, p, h) = hp/x oL =0 if X;>0.
and achieves the rate X, Ai = { <0 ifX; =0 (6)

r(x,p,h) = xlog (1 + snr(z,p, h)). (1) Thus each SR charges the same price = . to the users.
This is because the SPs have no objectives of their own, for
example profit, to maximize and their role is to provide the

(2) users with a set of channel coefficients to choose from while
transmitting. For\; = u, (5) and its dual becomes

wheren; which is the fraction of the Shannon capacity that can

i=1

In terms ofr(z, p, h) the rater;; is given by

rij = mir(Tiz, pij, hig),

L
be reliably guaranteed by SPo a user. A possible example Llx U, ( . "

. . Lij,Pijs K - 7 + C 7
would be SPi, who has invested in a better decoder (a Turbo 9 Pij Z i ( / ;; iTH "
decoder with more iterations or better interleaver destba) D)= max  L(zi,pis )
has a higher; than an SP with a conventional Viterbi decoder. H = i >0,pi; >0 w2 i 1
Thus the total rate at which usgrcan transmit reliably is N

sty py <P, 1<j<L. ®)
R —RXj,pJ, Zrz]7 (3) .-7 . L
The spectrum pricg is set by the SPs by minimizing the dual
where X; = [wlj .- 'LL'Nj], hj = [hlj s th} and P, = min D(,u). (9)
[p1j - - - pnj]. We assume that there is a utility function(R;) n>0

associated with usej which is concave and increasing inFrom D(u) the optimization in (8) decomposes into separate
R;. We assume that the operating principle of the netwodptimization problems for the users [11]. The optimization
(consisting of the SCH, SPs and users) is to maximize socgalbproblem for usey is

welfare of the users which corresponds to maximizing their

N
sum utility. The optimization problem is max U; (R;) — szij (10a)
L ;;20,pi; >0 ‘
max U; (R;) (4a) N
©ij20,pi; 20,X; 20 ; ! ! s.t. Zp” < Pj‘ (10b)
. ;
s.t. inj <X;, 1<i<N, (4b) Thus each user maximizes his utility minus the payment for
j=1 spectrum. The prices are set by the distributed price update
equation for (9)
ZPijSPplSjSL, (4c) N oL +
N plt+1) = ult) —at) | C =D wy(u() (11)
Y xi<c (4d) i=1 =1

where z;; (1) is the spectrum obtained by usgrfrom SP
As shown in (4b),X; is the spectrum utilized by SPwhich 4, for a given value ofu and «(t) is a positive step size.
is equal to the spectrum it has to allocate to the users. Usgom (11) we see that if the spectrum is underutilized,



1D)is';rti?ﬁ]idtSspﬁ,‘;trgrrgag‘ﬂzg?t;?;e'\(ﬂg_chanism Proof: Consider usej and SP; and assume;; > 0 andp;; >
2) User; solves (10) forz; (u(t)) andpg; (u(t)). 0. Thus (16a) and (16b) are satisfied with equality. Dividing
3) All users pass:;; (u(t)) to each SR. (16a) by (16b) and after some manipulation we obtain,
4) The SPs calculate(t + 1) from (11).
TABLE | (1 + —Jp7> log (1 + —Jpj) _ Dibij kihig, (17)
DISTRIBUTED UPDATE ALGORITHM Tij Tij Lij

wherex; = p1/~;. Now consider the function
U(snr) = (1 + snr)log(1 + snr) —snr. (18)
C — YN, Y5 wi(u(t) is positive and thus the price . o _ .
decreases to facilitate greater utilization of spectruimilgrly It can be shown that this function is one-to-one and incrggsi
if spectrum is over utilized, the price increases. in snr. Substituting forsnr = hy;pi;/zi; = ‘I’_l(f@jhij) in
The distributed allocation algorithm as shown in Table | (13a) and then substituting fdt,(-) in (16b) we obtain

: hij
IV. CHARACTERIZING THE SPECTRUMALLOCATION iU (R;) L T \I/—l(mjhij)} =75 (19)

We introduce notations that will be used in the rest of the \ne will now prove the rest by contradiction. Let usgr
paper. The first and second derivatives of the utility fumeti 5pi0: spectrum from two SPRsandi’. Becausd/; (R;) does
will be denoted by not vary across for a given useyj it follows from (19) that
s 9Y;

OR;’

.. 0%U; s s
Uj(Rj) & 53 (12) il S AL — 20
’ ! aRJQ 1 + \I/_l(,‘{jhij) 1 + \I’_l(l’ijhi/j) ( )

The derivatives of the rate functiar(z,p, h), defined in (1), Now sinceh;; is a continuous random variable the probability

Uj(R;)

are of event (20) is zero. Thus each user obtains spectrum from
L Or ha h one SPalmost surelyl
Lp(z,p,h) = 8_p T I+ hp 14 snr(z, p, h) (13a) Various flavors of Lemma 1 are also observed in [6], [12].

or hp hp Let the SP to which usej transmits to be denoted by.
Lo(z,p,h) £ 5o =log {1+ 27 ) = To simplify notation we denote;:;, h;«; andn;« by z*, h’
ox T x + hp dn Vel h H j 77 _ngbIJ.
snr(z, p, h) andn; respectively. Thus the user optimization subproblem in

(10) can be re-written by considering only= i}. The rateR;

=log (1 +snr(z,p,h)) — ——————.
1+ snr(z,p, h) as given in (3) has contribution only from-; and we denote

(13b) ¢ by R:. The user optimization is given by
It follows from (2) and (3) that the derivatives ét; wrt z;; ey (o .
andp,; can be expressed as, U(z5) = gl%}é U; (1) = e (212)
OR; h*P;
¢ J
OR; )
5 = Nila(ijs pij; hij). (14b) We call ¢;(z%) the user surplusin conformance to the
ij

microeconomics literature [13, Chapter 14].
To arrive at the optimal solution for the user subproblem

(10), we first write its Lagrangian,
A. A Two SP case

N N
It is instructive to look at the SP association problem for
L:=U;(R;)— i P — i | 15 ’ o
J 5 (B) ;lm] i ( J ;2%) (15) two SPs. Assume WLOG that SP 1 is the more efficient SP.

o . . Consider useyj and letz; be the allocated spectrum from the
where all Lagrange multipliers are positive. The statiipar a¢tive SP. We will find ‘out the conditions for which SP 1 is

conditions for the Lagrangian are, the active SP. Since user 1 chooses SP 1 over SP 2, he obtains

OL; . a higher utility when associated with SP 1 assuming that the
dxi; U5 (Rj)To (@i, higpig) < s (163)  spectrum isc} in both cases. Since the utility/;(R;) is an
L. . increasing function ofR; this implies that user 1 obtains a
ap.j. = n:U;(Rj)Up(2is, hijpij) < ;s (16b)  higher rate from SP 1 for allocated spectruf i.e.
ij
with equality holding for users withx;; > 0 andp;; > 0 N hy; P . ho; P
respectively. J J ma;log | 1+ ;]* > ey log [ 1+ ;{f (22a)
We now state and derive some properties of the resulting , P] m b P\ ™ ’
allocation, ' ' ' 1+ ly;k > (14 2;‘* ) (22b)
Lemma 1:In the optimal solution of (10) only one SP is x; x;

active per user almost surely.



Observation 1:The following observations can be madéntuitively this makes sense as if useér+ 1 is not allocated
based on relative values of; and the signal to noise ratio, spectrum then the potential increase to the sum utility due t

snry; = hi; P/xj. his transmit power is wasted.
a) For a lowsnr;; regime (highz* and/or lowh;; P value), ~ Lemma 4:The following facts hold,
we can use the approximatigh+x)™ ~ 1+nz in (22b) a) U;(R;) for R; = R;(x;, P,h) is a decreasing function
to obtainmhlj > nghgj. of T;.
b) For a high SNR and moderate spectrum range (highb) I';(z, P, k) is a strictly decreasing function af and is
hi; P value), we can use the approximatioh+ z)" ~ positive for all values ol = [, P].
x™ in (22b). We define; = n;/n, > 1 as SP 1 is more Proof:
efficient and obtain after some manipulations a) SinceU;(R;) is concave,Uj(Rj) is decreasing inR;
n \ /(n=1) and R; increases inc;.
o < P(hlj) (23) b) The functionr(z, P,h) is concave and increasing in
J ha; ' v = [z, P] and thus it is concave and increasing in
x for fixed P and h. From concavity ofr(x, P, h)
Thus it is interesting to see that the optimal valuerpf wrt z, T',(z, P,h) is monotonic decreasing i® and
is less than a thresholevhen the user attaches itself to from increasing property ak(z, P, h), we conclude that
the more efficient SP T, (z, P, h) is positive.

Lemma 2:1f all SPs have the same efficiency, i.enif=17 -
for all 4, then each user obtains spectrum from the SP to which| o;yma 5:\When two users have the same channel gains
it has the highest link gain. ’

: o ) transmit powers and active SP efficiences, the optimal @lloc
Proof: This can be seen by substituting = 7- in (22b).

tion of spectrum favors the user with a highmarginal utility
_ _ _ of spectrumi.e. whose utility function has a higher rate of
Lemma 3:In the optimal allocation each usgr obtains j,crease with spectrum.
spectrumz7 > 0. o _ . Proof: Consider usersg and & with utility functions
Proof: The proof is by induction. Consider that there argatjsfying U;(R) > Ui(R) for all R and for whomh; =
L users in the system all of whom have been allocated non zgro_ 4, p, "— P; = P andy; = n* = 7. Let the allocated
’ J .

. : J
L+1 joins the spectrum, he is allocated non zero spectrumdRow by contradiction that* > 7y
; .

the new allocation. We indirectly prove this, by showingttha assume the contrary ey > 2. Now consider (16a) for
a new allocation in which each of the originalusers forfeit poth ysers,
spectrumz,. and userL + 1 obtains spectrumiz. provides . .
higher sum utility for some smalt.. Though this allocation Uj(Rj)q (2}, P h) = Up(Rp)Ua (g, Poh) = p. (26)
gﬁids:rzt;ri gﬁg?aatgdlt;n;p():ll?jn:hat in the optimal allocatio Considerz; > x*. Let Ry = R;(z},P,h) and Ry =
: pectr R;(x%, P,h). Then the following facts hold,

For proving that sum utility increases, we have to show that' . @ . ® .
there exists choices af. for which the utility of user.4+-1 due 1) Uj(R;) > Uk(R;) > Ug(R;) where (a) is given
to this allocated spectrum is greater than the decreasenin su  in the statement of the problem aridl) is true from
utility of all the L users due to reduction in allocated spectrum.  Lemma 4(a)
We first define the quantitie§/U; = oU;/0z; = U;(R;)l', 2) Ty(a}, P,h) > Ty(x, P, h) from Lemma 4(b)
and M = max; VU, (z]). Now consider points 1 and 2. Together they yield

From concavity the decrease in sum utility is, . . A .
Uj(Rj)Fa:(xj7Pv h) > Uk(Rk)Fz(xk7P7 h)a (27)

AUgee < VU (z])xe + - - Ur(z3)re < MLz, (24 . -
d VUI(@1)ze + - + VUL(2L)2e < v, (24) which is a contradiction. [ |

However the utility of usel + 1 is, This is because a unit of spectruthz yields a higher
. contribution to sum utility, when allocated to usgrthan to
AU, = / VU1 (z)de > VU1 (Lz )Lz, (25) userk. This has also been observed by the authors of [14] for
0 - a network flow control problem.
We can illustrate this phenomenon with the class of expo-

So forz,. # 0 we have to prove that we can choasesuch that - i~ °
nential utilities given by

VUpL+41(Lxe) > max; VUj(x;f). This is true as the function
in LHS is a decreasing convex function aef and that in Uj(R) =T, (1 _e—R/Fj) (28)
RHS is an increasing convex function of. As z. — 0 the ! ! ’

value of RHS is bounded bynax; VU;(z}) while that of wherel’; is the target rate of an user, which could b&bps
LHS tends to infinity due to th&, term. Thus at origin the for low data rates andl Mbps for file transfer. Sinc&;(R) =
decreasing convex function is above the increasing one and™T is an increasing function of ;, the high target rate
thus they are sure to intersect. If they intersecttat= x, users are allocated more spectrum than those with low target
then for0 < z. < x5 there is a net increase in sum utility byrates. Note thal/;(R) — T;, i.e. these utilities become flat
allocating spectrum to usdr + 1. H at high rates.
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V. NUMERICAL RESULTS £ g 11,210 Userl
Consider two SPs in a linear cell with inter base distanc z s\ 1, =10 User2
of 500 meters as shown in Figure 2. The path loss is bas g %
on the COST-231 propagation model for outdoor WiMAX N S S—
i i iy — 0 1200 200 300 400 500 0 100 200 300 400 500
environments [15]' The noise .pO.WGI‘ Spe_Ctral denMy._ SP Lt User 1 distance (meters) SP Lt User 1 distance (meters)
—174 dBm/Hz. The SH to userj distance isd;; and the link
gain (assummg unit noise spectral den3|tyﬁ4§. Thus Fig. 3. Various graphs showing details of alloction whenhbosers have
Ploss= —31.5 — 35 log(d- ) (29a) exponential utilities with high target rates of 1 Mbps
oss — . ij)y
hij.ap = Poss— No. (29b)

The distances are measured with SP 1 location as origin. Uglecation. For two general classes of exponential concave
2 is fixed at a distance df00 m from the SP 2 and the locationutility functions, we analytically characterize the spaot

of user 1 is varied fromlm to 499m from SP 1. The total allocation and price. Extra insights are obtained from our
spectrum is50 KHz. The users have exponential utilities asimulations which are based in realistic channel pararseter

defined in (28) with parameteiis; = I'; = 1 Mbps.
Figure 3 shows the spectrum allocation. Subfigure 1 shows
the SP that user 1 attaches &ztfveSP) for the cases,/m =  [1]
1 and 10. User 1 is initially associated with SP 1 and thenl?
switches to SP 2 and the switch is sooner when SP 2 is more
efficient. Subfigure 2 shows the ratio of the spectrum alkxtat [3]
to user 1. For most parts, it is increasing in the link gain
to the active SP. This is because the rate function in (1) ig
increasing in link gain and spectrum and if link gain impreve
then the rate achieved is increased even more by allocatirfg
more spectrum. Further such an increas&ifor low/medium
R leads to increase in the utility (R). However the allocated
spectrum becomes constant in the regibaefined by, /n; = (6]
10 andds; > 400 m. This is because the exponential utility 7;
U1 (R) flattens near the value @f; at highR. In region)V’ user
1 has a very high link gain to SP 2 (its active SP) and SP 2 is
more efficient. So user 1 achieves a high rate and his utility
is nearI';. This can be seen in Subfigure 4. Thus as user 1
gets closer to SP 2, any extra spectrum would increase és raf!
but not its utility. Another way to interprete this is to loak
the prices in subfigure 3. For region both users are close[10]
to the flat regions of utilities and hence demand for adda'ﬂon[n]
spectrum is less. Consequently the prices are constant.

VI. DISCUSSIONS ANDCONCLUSION

In this work we have analyzed a two tier allocation systenz3]
for non strategic users who obtain spectrum from multip 4
SPs. We model the system from user welfare maximization
framework. We show that in the optimal policy each us§£5]
obtains spectrum only from one service provider. Based on ou

analysis we propose a spectrum price to facilitate disteithu
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