Analysis of Discrete Time Queues via the

Rev ersed Pro cess

Ro y D. Y ates

F ebruary 25, 1994

Dept. of Electrical and Computer Engineering

Rutgers University

PO Box 909

Piscatawa y NJ 08855-0909

email: ryates@ece.rutgers.edu

ABSTRACT

A class of discrete-time M =G= 1 queues, including b oth round robin and last come

�rst served service, in which customers are sub ject to p ermutations is considered.

These time slotted queues, analogou s to the symmetric queues of Kelly

, are analyzed

by examination of the time reversed pro cess. Pro duct form stationary distributions

are found for a typ e of doubly sto chastic server of Schassb erger [5] and for a Bernoulli

arriv al pro cess queue mo del of Henderson and T aylor [2].

Keyw ords: Round robin queues, time reversibility

, pro duct form, insensitivity

, cyclic

service queues

1 In tro duction

Cyclic service queues have b een analyzed under a wide v ariety of mo dels; see e.g.

T ak agi [6,7]. However, simple closed form solutions for the stationary distribution

have b een found in only a small numb er of cases by Daduna and Schassb erger [1],

Henderson and T aylor [2], and Schassb erger [5]. The stationary distribution of several

continuous time queues can b e found by examination of the time reversed system.

These queues, including the M/G/1 pro cessor sharing queue and the M/G/1 last

come �rst served (LCFS) queue, are characterized by Kelly [3] as having a symmetric

service discipline in that the departure rate of customers from p osition i equals the

arriv al rate of customers to p osition i.

In this work, we describ e a family of discrete time M/G/1 queues, which we will

call p ermutation queues, that are analogous to the continuous time symmetric queue.

These p ermutation queues can describ e forms of round robin and LCFS service. One

of these p ermutation queues is a sp ecial case of the doubly sto chastic server of Schas-

sb erger [5] with the additional restrictions that only one customer is served p er unit

time and that the p ermutations of the queued customers o ccur deterministically . A

second typ e of p ermutation queue has the additional restriction that only one event,

either arriv al or departure, is p ermitted each unit of time. In each case, we will

identify the time reversed pro cess and �nd a pro duct form solution for the stationary

distribution.

The form of this stationary distribution has b een found by Daduna and Schas-

sb erger [1] in the sp eci�c case of round robin service and by Schassb erger [5] for

the doubly sto chastic server. Similar stationary distributions also have b een found by Henderson and T aylor [2], for a queue in which the server moves from p osition

to p osition. As a result of cho osing a somewhat more detailed state description that

sp eci�es the server’s p osition, the distributions found in Henderson and T aylor [2] dif-

fer somewhat from those found here. Other v ariations on these p ermutation queues

were studied by Y ates [8]. The work presented here provides a signi�cantly simpler

pro of of the stationary distribution. As a by-pro duct of the reverse time analysis, we

gain some insight into the conditions under which a discrete time queue has a well

de�ned reverse time pro cess.

W e will derive the stationary distribution of these p ermutation queues by exam-

ination of the system under time reversal using the following result (Theorem 4.7.2)

from Ross [4].

Theorem 1 Consider an irr e ducible Markov chain with tr ansition pr ob abilities P

uv

.

If one c an �nd nonnegative numb ers �

u summing to unity and a tr ansition pr ob ability

matrix [P

�

uv

] such that for al l states u and v ,

�

u

P

uv

= �

v

P

�

v u

(1)

then the P

�

uv ar e the tr ansition pr ob abilities for the time r everse d chain and the �

u ar e

the stationary pr ob abilities for b oth chains.

W e will make use of Theorem 1 by constructing a queue for which it will b e relativ ely

easy to guess the b ehavior of the reverse time queue. This guess will sp ecify a set of

transition probabilities P

�

v u

. W e then will �nd �

u satisfying (1) to verify our guess.

2 W ork Conserving P erm utation Queues

In these queues, unlike those of Section 3, a unit of service is provided whenever the

system is not empty

. Time is divided into slots where one slot is the time needed to

provide one unit of service. At the start of each slot, a customer of class c arrives with

probability �

c

. No more than one customer can arrive in any slot and the probability

of no arriv al in a slot is 1 � � where � =

P

C

c=1

�

c

< 1. Each class c customer has

an indep endent service requirement consisting of an integer numb er of packets X

c

.

The random v ariable X

c has mean X

c and is characterized by probability functions

g

c

(x) = P fX

c

= xg and G

c

(x) = P fX

c

> xg such that G

c

(0) = 1. The mean service

requirement of a customer is X =

P

c

(�

c

=�)X

c

. Given that a class c customer has

already had w packets served, the conditional probability that the customer’s service

requirement will b e ful�lled after its next packet is served will b e denoted by

r

c

(w ) = P fX

c

= w + 1jX

c

> w g

= g

c

(w + 1)

G

c

(w )

W e de�ne Q

1

; Q

2

; . . . such that Q

j is a j element p ermutation. Given Q

1

; Q

2

; . . .,

we de�ne Q

�1

1

; Q

�1

2

; . . . as the set of inverse p ermutations. That is, given (y

1

; . . . ; y

j

),

we have Q

�1

j

Q

j

(y

1

; . . . ; y

j

) = (y

1

; . . . ; y

j

). W e let (n; y

1

; . . . ; y

n

) represent the state of

the queue, where n is the numb er of customers in the system and y

i

= (w

i

; c

i

) such

that for the customer in p osition i, w

i is the numb er of packets already served and

c

i is the class of the customer. Supp ose the state of the queue at the start of slot t

is (n; y

1

; . . . ; y

n

). In the transition to the next slot, the following sequence of events

-

FT R T

�

� -

Service

� -

Slot T

? ?

FT: Arriv al

R T: Departure

FT: Departure or Permutation

R T: Arriv al or Permutation

Figure 1: The corresp onding sequences of events within a slot in forward time (FT)

and reverse time (R T)

o ccurs:

1. With probability �

c

, a new customer arrives at the start of slot t and is inserted

in p osition 1, shifting the existing customers to p ositions 2 through n + 1. In

this case, at time t

+

, the instant after the arriv al, the state of the queue will b e

(n + 1; (0; c); y

1

; . . . ; y

n

). However, if no arriv al o ccurs, the state at time t

+

will

remain (n; y

1

; . . . ; y

n

).

2. The customer in p osition 1 of the queue has one packet served.

3. F ollowing service, either the p osition 1 customer will depart if its service re-

quirement has b een met, or the customers of the queue are reordered using

p ermutation Q

n

. That is, if the queue state at time t

+

is (n

0

; y

0

1

; . . . ; y

0

n

0 ), then

the queue state at time t + 1 will b e either (n

0

� 1; y

0

2

; . . . ; y

0

n

0

�1

) if a departure

o ccurred or (n

0

; Q

n

0 ((w

0

1

+ 1; c

0

1

); y

0

2

; . . . ; y

0

n

0 )) otherwise.

This sequence of events and the corresp onding event sequence in the reverse time

pro cess are depicted in Figure 1. W e call the ab ove queue a late p ermutation queue in that p ermutations can o ccur at the end of each slot. W e conjecture that the reverse

time system is another p ermutation queue, to b e called an early p ermutation queue,

in which p ermutations can o ccur at the b eginning of each slot. In addition, we shall

see that the reverse time system uses the inverse p ermutations Q

�1

1

; Q

�1

2

; . . ..

Theorem 2 Assume that �X < 1, then the r everse time pr o c ess is an e arly p ermu-

tation queue, de�ne d as fol lows. At the start of a slot, a class c customer arrives with

pr ob ability �

c

. No mor e than one customer c an arrive in any slot and the pr ob ability

of no arrival in a slot is 1 � � wher e � =

P

C

c=1

�

c

< 1. Each class c customer has

an indep endent servic e time distribute d ac c or ding to g

c

. The state of the queue is

(n; y

1

; . . . ; y

n

) wher e n is the numb er of customers in the system and y

i

= (w

i

; c

i

)

such that w

i is the r esidual servic e r e quir ement in p ackets and c

i is the class of the

customer in p osition i. Supp ose the state of the queue at the start (in r everse time) of

a slot e quals (n; y

1

; . . . ; y

n

). During this slot, the fol lowin g se quenc e of events o c curs:

1. Either with pr ob ability �

c

, a new customer arrives and is inserte d in p osition

1 of the queue, shifting the existing customers to p ositions 2 thr ough n + 1,

or with pr ob ability 1 � �, the existing customers in the queue ar e r e or der e d as

Q

�1

n

(y

1

; . . . ; y

n

).

2. The p osition 1 customer has one p acket serve d.

3. The p osition 1 customer dep arts if its servic e r e quir ement has b e en met. If the

p osition 1 customer dep arts, the r emaining customers ar e shifte d fr om p ositions

2; . . . ; n to 1; . . . ; n � 1.

The stationary distribution for b oth e arly and late p ermutation queues is

�

(n;y

1

;...;y

n

)

= �

� n

Y

i=1

�

c

i

1 � �

G

c

i

(w

i

) (2)

wher e �

� is the empty state pr ob ability.

Pro of: Theorem 2 Given an arbitrary state u, we need to examine the set of

transition probabilities P

u;v to neighb oring states v in the forward time chain and the

corresp onding transition probabilities P

�

v ;u from v to u in the reverse time chain. W e

will call u and v a state transition pair denoted by

u

P

u;v

-

�

P

�

v ;u v

W e will verify that for all neighb oring states, the stationary distribution (2) sat-

is�es (1). The four basic transitions that we must consider are:

� The customer in p osition 1 is served and departs. No new customer arrives.

F or the reverse transition, a new customer of class c

1 and service requiremen t

w

1

+ 1 must arrive to return to the state (n; y

1

; . . . ; y

n

). In this instance, the

transition pair is

(n; y

1

; . . . ; y

n

)

(1 � �)r

c

1

(w

1

)

-

�

�

c

1 g

c

1

(w

1

+ 1)

(n � 1; y

2

; . . . ; y

n

)

This transition pair implies that �

(n;y

1

;...;y

n

) must satisfy

�

(n;y

1

;...;y

n

)

=

�

c

1

1 � �

G

c

1

(w

1

)�

(n�1;y

2

;...;y

n

)

(3)

It is easily veri�ed that the distribution (2) satis�es (3).

W e now describ e the remaining three typ es of transition pairs. In all cases, it

is easily veri�ed that (2) satis�es the balance equation by rep eated use of the

identities G

c

(0) = 1 and 1 � r

c

1

(w

1

) = G

c

1

(w

1

+ 1)=G

c

1

(w

1

).

� The p osition 1 customer is served but do es not depart. No new customer arrives.

F or the reverse transition, there must not b e an arriv al to ensure that the

inverse p ermutation o ccurs and that the correct customer is served. This state

transition pair corresp onds to

(n; y

1

; . . . ; y

n

)

(1 � �)[1 � r

c

1

(w

1

)]

-

�

1 � �

(n; Q

n

((w

1

+ 1; c

1

); y

2

; . . . ; y

n

))

� A new customer arrives, is served, and departs.

The forward time transition corresp onds to the arriv al of a customer requiring

one unit of service. In reverse time, there must also b e an arriving customer

requiring exactly one unit of service. The corresp onding transition pair is

(n; y

1

; . . . ; y

n

)

X

c

�

c g

c

(1)

-

�

X

c

�

c g

c

(1)

(n; y

1

; . . . ; y

n

)

� A new class c customer arrives, is served, but do es not depart.

F or the reverse transition, the correct customer will b e served and then depart

i� no new customer arrives. The transitions are

(n; y

1

; . . . ; y

n

)

�

c

G

c

(1)

-

�

1 � �

(n + 1; Q

n+1

((1; c); y

1

; . . . ; y

n

))

T o complete the pro of of Theorem 2, we show that the empty state is recurrent. Let

N denote the numb er in the queue in equilibrium.

P fN = ng =

X

c

1

� � �

X

c

n

1

X

w

1

=1

� � �

1

X

w

n

=1

�

� n

Y

i=1

�

c

i

1 � �

G

c

i

(w

i

)

= �

�

�(X � 1)

1 � �

!

n

Since P fN = 0g = �

�

, requiring

P

1

n=0

P fN = ng = 1 yields �

�

= (1 � �X )=(1 � �).

As exp ected, the empty state is recurrent i� �X < 1. 2

W e see that in order for the reverse pro cess to have physical meaning, the discrete

time queue must have certain prop erties. In particular, what Henderson and T aylor

[2] call the welcoming quanta of work is required only if in reverse time, a customer

immediately departs the system after its �nal packet is served. In addition, we see

that if we were to p ermit multiple departures in the forward time system, the reverse

time system would not have Bernoulli arriv als. As a result, we have restricted the

p ermutation queue to serve one customer in each slot. By comparison, the doubly

sto chastic server of Schassb erger [5] p ermits multiple customers to b e served in the

same slot; however, when two or more customers complete their service requiremen ts at the same instant, each of those customers is forced to remain in the queue and

start a fresh service requirement.

3 The One-Ev en t P erm utation Queue

The reverse time analysis can also b e applied to a second queue considered by Hen-

derson and T aylor [2]. This system do es not require an arriving customer to have a

packet served immediately up on arriv al. However, in one slot, there can b e either an

arriv al or departure but not b oth. As b efore, we let (n; y

1

; . . . ; y

n

) represent the state

of the queue. Supp ose the state of the queue at the start of slot t is (n; y

1

; . . . ; y

n

).

In the transition to slot t + 1, the following sequence of events o ccurs:

1. Either with probability �

c

, a class c customer arrives and is inserted in p osition

1 of the queue, or, with probability �, � � 1 �

P

c

�

c

, the p osition 1 customer

is given one unit of service. F ollowing a unit of service, a customer will depart

if its service requirement has b een met.

2. The customers in the queue are p ermuted. That is, the queue state at the start

of slot t + 1 will b e either (n + 1; Q

n+1

((0; c); y

1

; . . . ; y

n

)) if a class c arriv al

o ccurred, (n; Q

n

((w

1

+ 1; c

1

); y

2

; . . . ; y

n

)) if a customer was served but did not

depart, or (n � 1; Q

n�1

(y

2

; . . . ; y

n

)) if a customer was served and did depart.

W e call this system a one-event late p ermutation queue. W e emphasize that if a

customer arrives at the start of a slot, then no service is provided in that slot. W e

now describ e the reverse time system.

Theorem 3 Assume �X < �, then the r everse time pr o c ess is a one-ev en t e arly

p ermutation queue, de�ne d as fol lows. If the state of the system at the start of a slot

is (n; y

1

; . . . ; y

n

), then the fol lowing se quenc e of events wil l o c cur.

1. The customers in the queue ar e r e or der e d as Q

�1

n

(y

1

; . . . ; y

n

).

2. Either with pr ob ability �

c

, indep endent of the state of the queue, a class c ar-

rival is inserte d in p osition 1 of the queue and given one unit of servic e, or

with pr ob ability �, � � 1 �

P

c

�

c

, either the p osition 1 customer dep arts if its

r esidual servic e r e quir ement is zer o or the p osition 1 customer is given one unit

of servic e. Note that a customer do es not dep art in the slot in which its last

p acket is serve d.

The stationary distribution of b oth e arly and late one-ev en t p ermutation queues is

describ e d by

�

(n;y

1

;...;y

n

)

= �

� n

Y

i=1

�

c

i

�

G

c

i

(w

i

) (4)

Pro of: Theorem 3 Just as in the pro of of Theorem 2, we must examine the p ossible

typ es of transitions. F or each typ e of transition, we leave to the reader the veri�cation

that (4) satis�es the balance equation (1) for all transition pairs.

� A class c arriv al o ccurs.

In this case, no other action o ccurs in the forward time queue. In reverse time,

after the inverse p ermutation, the p osition 1 customer departs with probability

�. The corresp onding transition pair is

(n; y

1

; . . . ; y

n

)

�

c

-

�

�

(n + 1; Q

n+1

((0; c); y

1

; . . . ; y

n

))

� There is no arriv al. The p osition 1 customer is served and departs.

F or the reverse time transition, there must b e a class c

1 arriv al requiring w

1

+ 1

units of service. The transition pair is

(n; y

1

; . . . ; y

n

)

�r

c

1

(w

1

)

-

�

�

c

1 g

c

1

(w

1

+ 1)

(n � 1; Q

n�1

(y

2

; . . . ; y

n

))

� There is no arriv al. The p osition 1 customer is served, but do es not depart.

In reverse time, after the inverse p ermutation, the customer in p osition 1 must

b e given a unit of service. The corresp onding transition pair is

(n; y

1

; . . . ; y

n

)

�(1 � r

c

1

(w

1

))

-

�

�

(n; Q

n

((c

1

; w

1

+ 1); y

2

; . . . ; y

n

))

Lastly

, we show that �X < � implies the empty state of the one-event p ermutation

queue is recurrent. Let M denote the numb er in the one-event p ermutation queue in

equilibrium. In this case,

P fM = mg =

X

c

1

� � �

X

c

m

1

X

w

1

=0

� � �

1

X

w

m

=0

�

� m

Y

i=1

�

c

i

�

G

c

i

(w

i

)

= �

�

�X

�

!

m

Since P fM = 0g = �

�

,

P

1

m=0

P fM = mg = 1 implies �

�

= 1 � �X =�. 2

In the one-event late p ermutation queue, an arriving customer is not provided a

welcoming unit of service. In the corresp onding reverse time system, the one-event

early p ermutation queue, a customer that has completed service do es not immediately

depart but rather waits until the next slot in which it is in p osition 1 in the queue. In

that slot, the customer departs with probability �. In comparison, for one-event early

p ermutation queue, new arriv als are immediately given a welcoming unit of service.

Hence, in the one-event late p ermutation queue, a customer that completes its service

requirement immediately departs.

W e observe that when � = 1 �

P

c

�

c

, either an arriv al o ccurs or a customer is

served whenever the queue is busy

. In this case, the work conserving p ermutation

queues considered in Section 2 and the one-event p ermutation queues have the same

form of stationary distribution. However, the work conserving queues and the one-

event queues do not have the same state space. In the work conserving system, w

i

� 1

for all i but in the one event system, it is p ossible that w

i

= 0. The di�erence b etween

the one-event p ermutation queues and the work conserving queues is that the work

requirement of a customer in the one event p ermutation queue is e�ectively increased

by one unit corresp onding to the time slot which is devoted to acceptance of the

arriving customer.

4 Prop erties of P erm utation Queues

As detailed by Daduna and Schassb erger [1] and Henderson and T aylor [2], the pro d-

uct form stationary distribution leads to a numb er of consequences. In particular, the numb er of typ e c customers in the queue dep ends on X

c but is otherwise insensi-

tive to the service time distribution G

c

(�). In addition, the system time of a typical

customer with service requirement � is a linear function of � .

W e observe that in equilibrium in the reverse time system, the arriv al pro cess in

future slots t; t � 1: . . . is indep endent of the state of the queue at past times t; t + 1; . . . .

F or b oth early and late p ermutation queues, as well as the corresp onding one-event

queues, this implies

Corollary 1 In e quilibrium in the forwar d time system, the dep artur e pr o c ess in slots

t; t � 1; . . ., is indep endent of the state of the queue at times t; t + 1; . . ..

By an appropriate choice of p ermutations Q

1

; Q

2

; . . ., we can cho ose to represent

either LCFS or round robin as a p ermutation queue. In particular, for round robin,

we simply let Q

n describ e the rotation of customer i > 1 to p osition i � 1 and

customer 1 to p osition n. F or LCFS, the p ermutation Q

n is simply the identity

function. That is, under LCFS, the customers are never reordered. Other disciplines

can also b e implemented. F or example, we might cho ose to p erform round robin

among the customers in the �rst k p ositions. More unusual examples can also b e

constructed. W e could cho ose Q

1

; Q

2

; . . . such that round robin is used when the

numb er of customers in the system is even and LCFS is used when the numb er is

o dd. However, we emphasize that the p ermutations cannot dep end on the classes of

the customers in the queue.

The author wishes to acknowledge the numerous improvements suggested by the

editors and referees. In addition, the author would like to thank Prof. Rob ert Gallager

for his encouragement and sup ervision of this work at MIT in the Lab ora tory for

Information and Decision Systems. This work was supp orted by an A

T&T Bell

Lab ora tories fellowship and by National Science F oundation grant NSF-ECS-83169 8.

References

[1] H. Daduna and R. Schassb erger. A discrete-time round-robin queue with Bernoulli

input and general arithmetic service time distributions. A cta Informatic a, 15:251{

263, 1981.

[2] W. Henderson and P

.G. T aylor. Insensitivity in discrete time queues with a moving

server. Queueing Systems, 11:273{2 97, 1992.

[3] F. P

. Kelly . R eversibility and Sto chastic Networks. John Wiley & Sons, New Y ork,

1979.

[4] S. M. Ross. Sto chastic Pr o c esses. John Wiley & Sons, New Y ork, 1983.

[5] R. Schassb erger. The doubly sto chastic server: A time sharing mo del. Zeitschrift

f � ur Op er ations R ese ar ch, 25:179{ 189 , 1981.

[6] H. T ak agi. Analysis of Pol ling Systems. MIT Press, Cambridge, MA, 1986.

[7] H. T ak agi. Queuing analysis of p olling mo dels. ACM Computing Surveys, 20(1):5{

28, 1988.

[8] R. D. Y ates. High Sp e e d R ound R obin Queuein g Networks. PhD thesis, MIT Dept.

of Electrical Engineering and Computer Science, 1990.

-

FT R T

�

� -

Service

� -

Slot T

? ?

FT: Arriv al

R T: Departure

FT: Departure or Permutation

R T: Arriv al or Permutation

Figure 1: The corresp onding sequences of events within a slot in forward time (FT)

and reverse time (R T)