Optimum Multiuser Detection is Tractable for Synchronous CDMA Systems Using M-sequences

Sennur Ulukus Roy D. Yates

Abstract— The optimum multiuser detection problem was shown to be NP-hard i.e., its computational complexity increases exponentially with the number of users [1, 2]. In this paper, we show that the optimum multiuser detection problem for a synchronous CDMA system is equivalent to the minimum capacity cut problem in a related network and propose an optimum multiuser detection algorithm with polynomial computational complexity for a certain class of signature sequences. The minimum cut problem is solvable in polynomial time if the capacities of the links not incident to source and sink are nonnegative. This condition in the optimum detection problem is equivalent to all cross correlations between the signature sequences of the users being negative. One example of such set of signature sequences is obtained when shifted versions of the the maximal length sequences (or m-sequences) are used. In this case the cross correlation between users i and j is given as, Γ_{ij} = � 1_G for all i, j, where G is the processing gain.

Keywords— Optimum multiuser detection, CDMA

I. Introduction

In CDMA systems users are assigned unique signature waveforms which they use to modulate their information bits. Let the signature sequence of the ith user be s_i(t) for t ∈ [0, T ] where T is the bit duration. The received signal for a synchronous CDMA system with BPSK modulation is given by r(t) = N∑ i=1 A_ia_is_i(t) + n(t) (1)

where A_i and a_i are received amplitude and the transmitted bit (±1 equiprobably) of the ith user and n(t) is the additive white Gaussian noise (AWGN) process with power spectral density σ^2. The received signal vector at the output of the conventional receivers is given by

y = �a + n (2)

The vector y is a sufficient statistics for the multiuser detection problem. In (2), � is a nonnegative definite matrix where Γ_{ij} is ∫_T 0 s_i(t)s_j (t)dt, � is a diagonal matrix containing the received amplitudes of the users with Λ_{ii} = A_i, a is the vector containing the information bits of the users and n is a Gaussian random vector with auto covariance matrix E[nn^⊤] = σ^2�.

The aim of the multiuser detection is to recover the information bits transmitted by the users in this multi access environment. Optimum multiuser detection [1] is based on the maximum likelihood criteria. The optimum multiuser detector chooses a^∗ as the transmitted bit vector if for a = a^∗ the conditional probability density of y given a is maximized. Denoting the probability density function of n by fn(.), the optimum detection problem is given as

a^∗ = arg max a∈{−1,1}N fn(y − �a) = arg min a∈{−1,1}N a^⊤Ra − 2a^⊤�y (3) where R = � with R_{ij} = A_iA_j Γ_{ij} . We can convert (3) to a 0-1 programming problem by introducing a vector b where b = (a + u)/2 and u is an N dimensional vector of all ones, u = [1 1 1 . . . 1]^⊤ as

b^∗ = arg min b∈{0,1}N b^⊤Rb − b^⊤ỹ (4) where ỹ = Ru + �y. Note that the solutions of (3) and(4) are related by the one-to-one relationship a^∗_i = 2b^∗_i − 1.

II. Network Preliminaries

Consider a network G = [V, A] with vertices V = {0, 1, . . . , N + 1} and arcs A. For any two vertices i and j in G, c_{ij} denotes the capacity of the arc connecting (i, j). Let the nodes 0 and N +1 represent the source and the sink respectively. A cut separating 0 and N + 1 is a partition of the nodes (S, S̄) where 0 ∈ S, N + 1 ∈ S̄, S ∪ S̄ = V and S ∩ S̄ = ∅. The capacity of the cut (S, S̄) is given by [3] C(S, S̄) = ∑ i∈S ∑ j∈S̄ c_{ij} (5)

The minimum cut separating nodes 0 and N + 1 is defined to be the cut separating nodes 0 and N + 1 and having the minimum capacity.

In [4] it was shown that any cut separating nodes 0 and N + 1 can be represented by a vector (1, b_1, b_2, . . . , b_N , 0) where b_i ∈ {0, 1} for i = 1, . . . , N is an indication for membership in S. That is S = {i | b_i = 1} and S̄ = {i | b_i = 0}. It was also shown in [4] that the capacity of the cut (S, S̄) is given by C(b) = N+1∑ i=0 N+1∑ j=0 c_{ij} b_i(1 − b_j ) (6)

where b_0 = 1 and b_{N+1} = 0. Substituting the values of b_0 and b_{N+1} in (6) and using the fact that b^2_i = b_i yields C(b) = N+1∑ j=1 c_{oj} − N∑ i=1 c_{0i} − N+1∑ j=1 c_{ij} b_i − N∑ i=1 N∑ j=1 c_{ij} b_ib_j (7) Similar to [5], we show the equivalence of the optimum multiuser detection problem to a minimum cut problem in a related network and identify the conditions under which it can be solved in polynomial time in the following two sections.

III. Relation between Minimum Cut and Optimum Multiuser Detection Problems

Let us define the objective function of the 0-1 programming version the optimum multiuser detection problem given in (4) to be F (b). Then, F (b) = − N∑ i=1 ỹ_ib_i + N∑ i=1 N∑ j=1 R_{ij} b_ib_j (8)

Comparing (7) and (8) we observe that if the capacities c_{ij} are chosen properly, the cost function of (8) in N variables can be represented as the capacity of a cut in an associated network with (N + 2) nodes. Thus, a network G with arc capacities c_{ij} satisfying: (a) c_{ij} = −R_{ij} for i, j = 1, . . . , N (b) c_{0i} − ∑_{N+1} j=1 c_{ij} = ỹ_i for i = 1, . . . , N (c) ∑_{N+1} j=0 c_{0j} = 0 (9)

has C(b) = F (b) for all b such that b_i ∈ {0, 1} for i = 1, . . . , N. Given the parameters of the quadratic 0-1 programming problem ỹ and R, construction of the corresponding network satisfying above three conditions is not unique. The condition (a) of (9) fixes the capacities of all arcs not incident to the source and the sink. Since there are more arcs than the conditions to be satisfied given in (9)-(b) and (c), some of the arc capacities can be assigned arbitrary numbers while conserving the connectivity of the overall network. One such assignment equates c_{N+1,j} to zero for j = 0, . . . , N and c_{0j} to arbitrary positive numbers for j = 1, . . . , N. Then rest of the (N + 1) arc capacities can be determined uniquely from conditions (9)-(b) and (c). From (9)-(b) c_{i,N+1} = −ỹ_i − N∑ j=1 c_{ij} + c_{0i} = −A_iy_i + c_{0i} (10)

where we used ỹ_i = ∑_N j=1 R_{ij} + A_iy_i from the definition of ỹ and (9)-(a) which implies ∑_N j=1 R_{ij} = − ∑_N j=1 c_{ij} . The only remaining capacity, c_{0,N+1}, can be found from (9)-(c). The following rules construct the related network for the optimum multiuser detection problem: (i) Set c_{ij} = −R_{ij} for i, j = 1, . . . , N (ii) Set c_{i0} = 0 and assign arbitrary positive numbers to c_{0i} for i = 1, . . . , N and c_{0,N+1} = − ∑_N j=1 c_{0j} (iii) Set c_{i,N+1} = −A_iy_i + c_{0i} for i = 1, . . . , N In the following subsection we demonstrate the equivalence of the optimum multiuser detection problem and the minimum cut problem in the related network obtained by the rules given above for the case of two users.

A. A Simple Example: Two-User Case

Consider a two user system with the cross correlation between the signature sequences of the users Γ_{12} = Γ_{21} = −ρ, for some 0 ≤ ρ ≤ 1. Then R_{12} = R_{21} = −A_1A_2ρ. Since the optimum multiuser detection problem (3) is insensitive to the diagonal elements of R we take R_{11} = R_{22} = 0. The optimum multiuser detection problem of (4) is to minimize F (b_1, b_2) for b_1, b_2 ∈ {0, 1} where F (b_1, b_2) is given as

−2A_1A_2ρb_1b_2 + (A_1A_2ρ − A_1y_1)b_1 + (A_1A_2ρ − A_2y_2)b_2

For all possible transmitted bits the cost function F (b_1, b_2) have the following values:

F (0, 0) = 0 F (0, 1) = A_1A_2ρ − A_2y_2 F (1, 0) = A_1A_2ρ − A_1y_1 F (1, 1) = −A_1y_1 − A_2y_2 (11)

The optimum detection rule chooses that realization of (b_1, b_2) for which the cost function F (b_1, b_2) is minimum. Clearly, the minimum value depends on cross correlation value (ρ), received amplitudes of the users (A_1, A_2) and the matched filter outputs (y_1, y_2). The graph corresponding to this multiuser detection problem is shown in Figure 1. The rules given above are used to construct the graph: (i) c_{12} = c_{21} = A_1A_2ρ, (ii) c_{10} = c_{20} = c_{30} = 0, c_{01} = α, c_{02} = β, c_{03} = −(α + β), (iii) c_{13} = α − A_1y_1, c_{23} = β − A_2y_2.

The capacities of the cuts corresponding to 4 possible cases for (b_1, b_2), C(b_1, b_2), are calculated from Figure 1 to be:

CUT_1 : C(0, 0) = 0 CUT_2 : C(0, 1) = A_1A_2ρ − A_2y_2 CUT_3 : C(1, 0) = A_1A_2ρ − A_1y_1 CUT_4 : C(1, 1) = −A_1y_1 − A_2y_2

Note the equivalence of the values of the cost function in (11) and the capacities of the cuts calculated above.

Fig. 1. Graph associated with the optimum MUD problem for N = 2.

IV. Optimum Multiuser Detectors with Polynomial Complexity

The arguments in Section III show that the optimum multiuser detection problem is equivalent to finding a minimum capacity cut between the source and the sink nodes of a related network. For a general optimum multiuser detection problem the capacities of the arcs in the related network can be both positive and negative depending on the cross correlations between the signature sequences. Unfortunately, in this general case the minimum cut problem is an NP-hard problem as well [5]. However, in the special case when the capacities of the arcs not incident to both source and sink are nonnegative, the minimum cut problem is solvable in polynomial time. The minimum cut problem is the dual of the maximum flow problem for which there are many polynomial time algorithms [3]. For example the computational complexity of FIFO preflow-push algorithm [3] is O(N^3) where N is the number of nodes of the network. This implies that the computational complexity of the optimum multiuser detection problem is O(N^3) where N is the number of active users, because if the dimensionality of the optimum multiuser detection problem is N then the number of nodes in the associated network is (N + 2).

From rule (i) we observe that the capacities of the arcs not incident to source and sink are guaranteed to be nonnegative only if R_{ij} ≤ 0 for all i ≠ j. Note that R_{ij} ≤ 0 does not apply to the diagonal elements of R, since the optimum multiuser detection problem of (3) is insensitive to the values of the diagonal elements of R, because a^2_i = 1 for a_i ∈ {−1, 1}. Moreover, since R_{ij} = A_iA_j Γ_{ij} the condition that R_{ij} ≤ 0 for i ≠ j directly translates to the condition that Γ_{ij} ≤ 0 for i ≠ j. Thus, the optimum multiuser detection problem has a polynomial computational complexity only if the signature sequences of the users are chosen such that all of the cross correlations are negative. This fact suggests appropriate design of the signature sequence set to be used by the users. One such set of signature sequences is obtained when shifted versions of the m-sequences are used (see [6] for example). The auto correlation of m-sequences is equal to −1/G for all nonzero shifts, where G is the length of the sequence. Therefore, if shifted versions of m-sequences are used as the signature sequences, the cross correlation between any two users becomes Γ_{ij} = −^1_G for i ≠ j where G is the processing gain.

The steps of polynomial time optimum multiuser detection algorithm for N users with all negative cross correlations are: (1) construct the related network with (N + 2) nodes, (2) solve the minimum cut problem in this network using a polynomial time algorithm such as FIFO preflowpush [3], (3) using the membership function declare b^∗. Note that while constructing the related network only a linear number of arc capacities (the ones that depend on y) needs to be changed from bit to bit, because others depend only on R which is fixed once the signature sequences and the received amplitudes of the users are fixed.

V. Conclusion

In this paper we showed that if a set of signature sequences where all cross correlations are negative is used, then the optimum multiuser detection problem is solvable in O(N^3) time.

References

[1] S. Verdú. Minimum probability of error for asynchronous gaussian multiple-access channels. IEEE Transactions on Information Theory, 32:85–96, January 1986.

[2] S. Verdú. Computational complexity of optimum multiuser detection. Algorithmica, 4:303–312, 1989.

[3] R. K. Ahuja, T. L. Magnanti, and J. B. Orlin. Network Flows:

Theory, Algorithms and Applications. 1993.

[4] P. L. Hammer (Ivanescu). Some network flow problems solved with pseudo-boolean programming. Operations Research, 13:388– 399, 1965.

[5] J. C. Picard and H. D. Ratliff. Minimum cuts and related problems. Networks, 5:357–370, 1974.

[6] K. W. Yip and T. S. Ng. Code phase assignment – a technique for high capacity indoor mobile DS-CDMA communications. In IEEE Vehicular Tech. Conf., VTC’94, pages 1586–1590, 1994.