16:330:541 Stochastic Signals and Systems First Exam
October 26, 1998
Solution

You have 100 minutes to complete this exam. The point value of each part is indicated. Please
read the exam carefully and ask the instructor if you have any questions.

1. A certain device containscircuits and it works if one or more of those circuits work. Each
circuit fails with probabilityqg, independent of any other circuit. A working device, even
if it contains one or more broken circuits, can be sold for $50 but a broken device must be
discarded.

(a) 10 points Suppose you test devices until you find a working device. What is the PMF
of K, the number of devices you test?

A device works with probability
p=PW]=1<q"

Each device test is a Bernoulli trial so K is the number of trials until the first success.
Hence K has the geometric PMF

PK(k)_ (1<:>p)k_1p k= 1727--- _ qn(kil)(]-{:;’qn) k:1,2,
10 otherwise | 0 otherwise

(b) 10 points If each circuit costs $5, what is the expected prgfiR] per device?

Each working device is wort#50 but each nonworking device is worth nothing. Thus
the average profit per device is

E[R] = 50P|W] <5n = 50(1<q") <5n

(c) 10 points Supposen = 5. What is the PMF oD, the number of working circuits in a
device? Given the evellY that the device works, find the conditional PMF®fiven
the eveniV.

Whether each of the 5 circuits in a device works is a Bernoulli trial with success prob-
ability 1<q. Thus D, the number of successes in 5 trials, has the binomial PMF

_ [ (®@eqie®? d=01,....5
P (d) = { 0 otherwise

The event W is identical to the event-D0 which has probability
PW] =P[D > 0] = 1P (0) = 1&0°

The conditional PMF of D given W is

o) (Ha-aded
Pojw (d) = ¢ PIW] deW ) s — d=1...5
0 otherwise 0 otherwise



(d) 10 points Ultrareliable circuits cost $10 each but fail with probability2. Suppose
n= 2 and you have the option of substituting zero, one or two ultrareliable circuits for
the ordinary circuits. LeE[R;] denote your expected profit usingltrareliable circuits.
For what values of is it best to use exactly 1 ultrareliable circuit?

Let W denote the event that a device with i ultrareliable circuits works. We observe
that

PMb] =1eq®  PWi=1q(q/2)  PMW] =1¢(q/2)?

Let R denote the profit on a device with i ultrareliable circuits. A working device is
worth $50. With i ultrareliable circuits, the cost of a deviceG& <i) + 10i = 10+ 5i.
This implies
50(1e9?) <10 i=0
E[R] = 50PW] <(10+5i) = { 50(1<¢?/2) <15 i=1
50(1<0%/4) <20 i=2
Its easy to verify that

E[Ry>E[R] & q>V1/5  E[R]>E[R] < q</2/5

Thus 1 ultrareliable circuit is best iff/1/5 < q < 1/2/5.

(e) 10 points Let M equal the number of circuits tested in order to find enough good
circuits for 100 devices. What is the PMF ldf?

As noted during the exam, this part is a little confusing. In fact, you need only one good
circuit in each device and so you need only 100 good circuits for 100 devices. Thus, M
is the number of tests needed to identify 100 good circuits and has a Pascal PMF. Since
a circuit is good with probabilityl <q, the PMF of M is

(P (120)%%g™ % m=100101,...
Fa(m) = { 0 ” otherwise

2. 50 points Random variabl&X is Gaussian with zero mean and unit variance. GiXeAa X,
Y is a Gaussian random variable with meanx &0d variance 1. Note that some parts of this
problem are easiest using conditional expectations. EjNd, E [Yz], ox,y, andfxy (X,y).
Do X andY have a bivariate Gaussian PDF? Justify your answer carefully.

In the problem statement, we learn that the conditional PDF of Y givenxXis Gaussian
and the following two facts:

E[Y|X =x] = 10x VarlY|X=x]=1

The second fact is misleading. It appears that if the conditional variance is always 1, then
perhapsVar|Y] should always be 1. We will see that's not the case. First we observe that
since BY|X = x] = 10x then EY|X] = 10X. Thus

E[Y] = E[E[Y|X]] = E[10X] = 10E[X] = 0
To find E[Y?], we observe that
E[Y2|X =x] = Var[Y|X = x|+ (E[Y|X = x])* = 1+ (10x)?
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Thus, EY?|X] = 1+ 100X2. Since X has zero mean[X?| = Var[X] = 1, and
E[Y?] = E[E[Y?X]] = E[1+100X?] = 101

Thus we see thatar[Y] = E[Y?] = 101 Thatis,Var[Y] # 1 even thoughvar[Y|X = x] =1
for all x. Since the conditional mean of Y depends strongly on X, the variation of X results
in a large variance for Y.

Since both X and Y are zero medyv[X,Y] = E[XY]. Once again, we use conditional
expectations:
E[XY|X =X = E[XY|X = X] = XE[Y|X = x] = 10x
Thus EXY|X] = 10X? and
E[XY] = E[E[XY|X]] = E[10X?] = 10E[X?] = 10
From the problem statement, we learned that

1 10022

1
fx (X) /2 fyx (Y[X) = N

= ——¢
Vvan
The joint PDF of X and Y is

1 2 2 1 2
_ _ T o R (y-100?)/2 1 (10D —-20xy+y?) /2
fxy (%) = fyix (¥X) fx (X) > >

When EX] = E[Y] = 0, the bivariate Gaussian PDF is

2 2pxy Y2 2
e {o)% 0X0Y+0\2( /2(1 p)

fx.y (X,y) =

1
2TOx Oy \/ 1 <p2

In our specific problem, we know thak = 1 andoy = +/101 This implies that the corre-
lation coefficient of X and Y is

o= Cov(X,Y] 10 /100
~ oxoy  J101 V101
Its easy to verify that using the above valugpadnd ox = 1, oy = +/101in the bivariate

Gaussian PDF will give the joint PDFxfy (x,y). Thus X and Y are bivariate Gaussian
random variables.

3. 50 points X, Xy, ..., X, are iid random variables, each uniformly distributed det].

(a) 10 points Find the joint PDFfx, x, (X1,X2).
This is really easy. Each;Xas PDF

oo [ L 0sx<1
X711 0 otherwise

Since X and X are independent, the joint PDF is

1 0<x<1,0<x<1

Fxi %o (X1,X2) = fx; (%) fx, (X2) = { 0 otherwise
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(b)

(©)

10 points Find the mean and varianceWWf = X; + - -- + Xp.
Its always true that the expectation of the sum is the sum of the expectations:

EW] =E[X1]+ -+ E[Xy) =nE[X]=n/2
Note that you should recall that if X has a uniform PDF[0nl], thenVar[X] = 1/12.
Since the Xare independent, the variance of the sums is the sum of the variances and
Var|W] = Var[Xy] +-- -+ Var[X,| = nVar[X] =n/12

10 points Find the probabilityP[A] = P[X1 < Xp < -+ < Xp).

One way to find P is to use a symmetry argument. Let.x. ,x, denote the sample
values of X,...,X,. Since the Xare iid, it would seem likely that all!norderings
(from smallest to largest) ofix... ,xn are equally likely. Sinceix...,x, is exactly
one of these orderings, we should havé&|P= 1/n!. Note that because the 4re
continuous, we don't need to consider tricky cases where X|. If you don't trust
your intuition, it is also possible to solve this problem with calculus:

1 Xn Xn—2 X3 X2
P[A]:/ dxn/ dxnl/o dxnz---/o de [~ dx
Xn—2 X3
/dxn dxn 1/0 an—Z"'/O XodXo

Xn—2 ><4)(3
/dxn dxnl/o an—Z"'O —dxs

2
1oyl 1
/ (ne)! "

(d) 20 points Find the PDF olY = X3X;.

Just as in part (a), the joint PDF ofgand X is

1 0<x3<1,0<x<1
o, xe (X3,%4) = T (X3) Ty (X4) = { 0 otherwise

To find the PDF of Y, we first find the CDF. Sirke’ Y < 1, we know that(y) =0
fory<Oand F (y)=1fory> 1 For0<y< 1, we observe that

Fr (y) = PlY <y] = P[XsXs < Y] = 1P[Xs > y/X3]
At this point, it helps to refer to the sketch below. Box y <1

o] (] )

1
— 1o (1oy/x) dx
y
=y<ylny
By taking the derivative, we find the PDF

[ einy O0<y<1
(Y= { 0  otherwise




