ECE541
Stochastic Signals and Systems
Problem Set 7

Problem Solutions : Yates and Goodman, 7.1.3 7.2.2 7.2.4 7.3.3 7.3.4 7.3.6 7.4.2 and
7.4.6

Problem 7.1.3 Solution

This problem is in the wrong section since the standard error isn’t defined until Sec-
tion 7.3. However is we peek ahead to this section, the problem isn’t very hard. Given
the sample mean estimate M, (X), the standard error is defined as the standard deviation
en = /Var[M,(X)]. In our problem, we use samples X; to generate ¥; = X2. For the
sample mean M, (Y'), we need to find the standard error

en = \/Var[M,(Y)] = ,/Va;[y]. 1)

Since X is a uniform (0, 1) random variable,

1
EY]=FE[X?] :/ x*dr =1/3, (2)
0
E[Y?] =E[X'] = /1:134d3: =1/5. (3)
0

Thus Var[Y] = 1/5 — (1/3)? = 4/45 and the sample mean M, (Y) has standard error

4
en = \/—4571. (4)
Problem 7.2.2 Solution

We know from the Chebyshev inequality that

o
PIX-EX]|>d<—= (1)
Choosing ¢ = kox, we obtain
1
PlX - E[X]| 2 ko] < (2)

The actual probability the Gaussian random variable Y is more than k standard deviations
from its expected value is

PlY —E[Y]| > koy]=P[Y — E[Y] < —koy] + P[Y — E[Y] > koy] (3)
—9p [7Y_E[Y] zk} (4)

oy
= 2Q(k) (5)



The following table compares the upper bound and the true probability:

| | k=1 k=2 k=3 k=4 k=5 |
| Chebyshev bound | 1 0.250 0.111  0.0625 0.040 \ (6)
| 2Q(k) | 0.317 0.046 0.0027 6.33x107° 573 x 1077 |

The Chebyshev bound gets increasingly weak as k goes up. As an example, for k = 4, the
bound exceeds the true probability by a factor of 1,000 while for £ = 5 the bound exceeds
the actual probability by a factor of nearly 100,000.

Problem 7.2.4 Solution

On each roll of the dice, a success, namely snake eyes, occurs with probability p = 1/36.
The number of trials, R, needed for three successes is a Pascal (k = 3,p) random variable
with

E[R] =3/p =108, Var[R] = 3(1 — p)/p? = 3780. (1)

(a) By the Markov inequality,

E[R] 54
PIR>2 < —=-—=0.432. 2
[R>250] < % = 1o = 043 (2)
(b) By the Chebyshev inequality,
P[R>250] = P[R — 108 > 142] = P [|R — 108 > 142 (3)
Var[R]
< = (0.1875. 4
<y = 187 (4)

¢ e exact value is > = 1— > 7", Pr(r). Since there is no way aroun
Th lue is P[R > 250] = 1 2P Since there i d
summing the Pascal PMF to find the CDF, this is what pascalcdf does.

>> 1-pascalcdf(3,1/36,249)
ans =
0.0299

Thus the Markov and Chebyshev inequalities are valid bounds but not good estimates
of P[R > 250].

Problem 7.3.3 Solution

This problem is really very simple. If we let Y = XX, and for the ith trial, let Y; =
X1(i)X2(4), then R, = M,(Y), the sample mean of random variable Y. By Theorem 7.5,
M, (Y) is unbiased. Since Var[Y] = Var[X;Xs] < oo, Theorem 7.7 tells us that M, (Y) is a
consistent sequence.



Problem 7.3.4 Solution

(a) Since the expectation of a sum equals the sum of the expectations also holds for

vectors,

M) = Y BX0)] =3 ix = pix.
=1 =1

(1)

(b) The jth component of M(n) is M;(n) = 1 Y | X,;(i), which is just the sample mean

n

of X;. Defining A; = {|M;(n) — p;| > ¢}, we observe that

P [.n}axk]Mj(n) — pj| > c} =P[A1UAU--- U Ag].
j=1,...,

Applying the Chebyshev inequality to M;(n), we find that

_ Var{M;(n)

P [Aj] 2

nec?’
By the union bound,

k k
1
Pl D00~ sl 2 o] < S PlAT< Y02

7j=1,...,

Since E?:l 0? < 00, limy, oo Plmax;—1,__; |M;(n) — p;| > ¢l =0.

Problem 7.3.6 Solution

(a) From Theorem 6.2, we have

n n—1 n
Var[Xy + -+ Xo] = Y Var[X;]+2) > Cov[X;, X
i=1 i=1 j=i+1

Note that Var[X;] = 02 and for j > i, Cov[X;, X;] = 0%a’~*. This implies

n—1 n
Var[X; + - + X,)] = no? + 202 Z Z al !
i=1 j=i+1
n—1
=no’+20° Y (a+a’+---+a"")
i=1
9 n—1
2 n—i
=no” + 1_a2(1 a"")

i=1

(2)



With some more algebra, we obtain

Var[ X1 + -+ X, =no —1—1

Since a/(1 —a) and 1 — a™~! are both nonnegative,

1
Var[ Xy + - - + Xo] §n02<1+a> (7)

—a

(b) Since the expected value of a sum equals the sum of the expected values,

B, X)) = PR B (®)

The variance of M (X1,...,X,) is

_ Var[Xy -+ Xn] _ o%(1 +a)

M(Xq,..., X,
Var[ ( 1) ) )] n2 = Tl(l — a) (9)
Applying the Chebyshev inequality to M (X1, ..., X,) yields
Var[M(X1,...,X,)] _ o*(1+a)
LX) —pl > < <
PIM(X1, ... X0) —p] 2 0] < £ <L
(c) Taking the limit as n approaches infinity of the bound derived in part (b) yields
. . 0% (1+a)
nILH;OPHM(Xla---,Xn)_N’ZC]ST}LH;OWZO (11)
Thus
lim P[|M(Xy,...,Xn) —pul>¢ =0 (12)
Problem 7.4.2 Solution
X1, Xo,... are iid random variables each with mean 75 and standard deviation 15.
(a) We would like to find the value of n such that
P74 < My(X) < 76] = 0.99 (1)

When we know only the mean and variance of X;, our only real tool is the Chebyshev
inequality which says that

P74 < M,(X)<76]=1—-P[|M,(X) - E[X]| >1] (2)
Var [X] 225
>l = 1- =2 2099 (3)

This yields n > 22,500.



(b) If each X; is a Gaussian, the sample mean, M, (X) will also be Gaussian with mean
and variance

B [My(X)] = B[X] = 75 ()
Var [M,/(X)] = Var [X] /n' = 225/n/ (5)

In this case,
P[MgMn,(X)gm]:cp(m;“) —<I><74a_“> (6)

= &(V/n//15) — ®(—V/n//15) (7)
= 20(vVn//15) —1 = 0.99 (8)

Thus, n' = 1,521.

Since even under the Gaussian assumption, the number of samples n’ is so large that even
if the X; are not Gaussian, the sample mean may be approximated by a Gaussian. Hence,
about 1500 samples probably is about right. However, in the absence of any information
about the PDF of X; beyond the mean and variance, we cannot make any guarantees
stronger than that given by the Chebyshev inequality.

Problem 7.4.6 Solution
Both questions can be answered using the following equation from Example 7.6:
PA|(1 - P[A])

By(A) — P [A}( > c] < — (1)

dl

The unusual part of this problem is that we are given the true value of P[A]. Since P[A] =

0.01, we can write
0.0099

nc?

P

Bu(A)— P [A}‘ > c] < 2)

(a) In this part, we meet the requirement by choosing ¢ = 0.001 yielding

— )

Thus to have confidence level 0.01, we require that 9900/n < 0.01. This requires
n > 990,000.

d

By(A)— P [A]‘ > 0.001} <

(b) In this case, we meet the requirement by choosing ¢ = 1073 P[A] = 10~°. This implies

_ PIAJA—P[A]) _ 00099 _ 9.9 x 107 (4)

- nc? ~ nlo—10 n

P

Bo(A) —P[A}‘ > c]

The confidence level 0.01 is met if 9.9 x 107 /n = 0.01 or n = 9.9 x 10°.



