ECE 543
Stochastic Signals and Systems
PRoblem Set 3 Solution

Problem Solutions : Yates and Goodman, 4.1.6 4.2.8 4.4.3 4.6.8 4.8.6 4.9.14 4.10.17
5.1.3 5.4.7 5.5.1 5.5.4 5.6.9 5.7.6 and 5.7.7

Problem 4.1.6 Solution
The given function is

1—e @t 2y>0
Py (@) = { 0 otherwise (1)
First, we find the CDF Fx(z) and Fy (y).
1 >0
Fx (w) = Fxy (,00) = { 0 otherwise (2)
_ - 1 y>0
Fy (y) = Fxyy (00.y) = { 0 otherwise (3)
Hence, for any z > 0 or y > 0,
PX>z]=0 PlY >y|=0 (4)
For x > 0 and y > 0, this implies
PH{X >z} U{Y >y} <P[X>z]+P[Y >y]=0 (5)

However,
PUX>z}U{Y >y} ]=1-PX <2,V <y|=1—(1—e @)= @) (6)

Thus, we have the contradiction that e~ (@+Y) < 0 for all x,y > 0. We can conclude that
the given function is not a valid CDF.

Problem 4.2.8 Solution

Each circuit test produces an acceptable circuit with probability p. Let K denote the
number of rejected circuits that occur in n tests and X is the number of acceptable circuits
before the first reject. The joint PMF, Pg x(k,z) = P[K =k, X = z] can be found by
realizing that {K = k, X = x} occurs if and only if the following events occur:

A The first x tests must be acceptable.

B Test x + 1 must be a rejection since otherwise we would have x + 1 acceptable at the
beginnning.

C The remaining n — x — 1 tests must contain k — 1 rejections.



Since the events A, B and C are independent, the joint PMF for x+k <7,z >0and k>0

1S

i n—z—1 k—1, n—z—1—(k—1)
P = 1-— 1-—
k,x (k,z) = p* ( p)( k1 >( p)*p
P[A]  P[B]

P[C]
After simplifying, a complete expression for the joint PMF is

PRt atk<ne20k20
otherwise

Py x (k,x) = { (()

Problem 4.4.3 Solution
The joint PDF of X and Y is

6e~(22+3Y) 2 >0,y >0,
Py (@,y) = { 0 otherwise.
(a) The probability that X > Y is:
Y
A o xX
X>Y PIX>Y]= / / 6e~ 23 dy da
0 _Jo
= 2e 2 <—e_3y yZm) dz
0 y=0
o
> X = / [2e7%% — 2¢75% dx = 3/5
0
The P[X +Y < 1] is found by integrating over the region where X +Y <1
1 11—z
Y PIX+Y <1 = / / 6e~22H3Y) dy da
14 0o Jo
1
s e e w
0 v=
1
:/ 2e 2 [1 - 6_3(1_’:)] dx
> X 0
1 = —e 2 _ 2€m_3‘(1)

=1+2¢°—3e?
(b) The event min(X,Y) > 1 is the same as the event {X > 1,Y > 1}. Thus,
o0 o0
Pmin(X,Y) > 1] = / / 6e~ (22 +39) dy do = = (2+3)
1)1
(¢) The event max(X,Y) <1 is the same as the event {X < 1,Y < 1} so that

1 1
Pmax(X,Y) < 1] = / / 6e~ T3 dy de = (1 — e72)(1 — e73)
0 0

(1)

(10)

(11)



Problem 4.6.8 Solution

Random variables X and Y have joint PDF
Y

1

2 0<y<x<1
0 otherwise

fxy (z,y) = {

1

(a) Since X and Y are both nonnegative, W =Y/X > 0. SinceY < X, W =Y/X < 1.
Note that W = 0 can occur if Y = 0. Thus the range of W is Sy = {w|0 < w < 1}.

(b) For 0 < w < 1, the CDF of W is

A Fw (@) =PY/X <w] = P[Y <wX]=w (2
w The complete expression for the CDF is
P[Y<wX]
0 w<0
] X Fy(w)=¢ w 0<w<1 (3)
1 w>1

By taking the derivative of the CDF, we find that the PDF of W is

1 0<wxl1
0 otherwise

fW(w):{

We see that W has a uniform PDF over [0, 1]. Thus E[W] = 1/2.
Problem 4.8.6 Solution
Random variables X and Y have joint PDF

_ [ (Az+2y)/3 0<2r<1,0<y<1
Fxy (2,y) = { 0 otherwise

(a) The probability of event A = {Y < 1/2} is

Lorl/2 40 42
PA] =// Ixy (z,y) dydm:/ / 2 Y dy da. (2)
y<1/2 0 Jo

With some calculus,

1 2
p[A]:/ My%
0

y:1/2dx_/12x+1/4 . 22
—Jo 3 312

y=0



(b) The conditional joint PDF of X and Y given A is

fx,y(z,y)
: ,Y) € A
fxyia(z,y) = { Par (BY)

0 otherwise

82 +y)/5 0<r<1,0<y<1/2
10 otherwise

For 0 <z <1, the PDF of X given A is

00 ] 1/2
fra) = [ FxvaGea) dy=3 [ o)
8< y2> v=1/2 gy
5 2 /) ly=o 5
The complete expression is
[ Bx+1)/5 0<z<1
Fxjalz) = { 0 otherwise
For 0 < y < 1/2, the conditional marginal PDF of Y given A is
o) 8 1
fyiay) = / Ixyia(z,y) de = 5/0 (22 +y) dzx
8248y 8y +8
B 5 ey b

The complete expression is

f (y) = By+8)/5 0<y<1/2
viAlY) = 0 otherwise

Problem 4.9.14 Solution

(11)

(a) The number of buses, N, must be greater than zero. Also, the number of minutes
that pass cannot be less than the number of buses. Thus, P[N =n,T =t] > 0 for

integers n, t satisfying 1 <n <'t.

(b) First, we find the joint PMF of N and T by carefully considering the possible sample
paths. In particular, Py r(n,t) = P[ABC] = P[A]P[B]P[C] where the events A, B

and C are

A = {n — 1 buses arrive in the first ¢ — 1 minutes}
B = {none of the first n — 1 buses are boarded}

C = {at time ¢ a bus arrives and is boarded}



These events are independent since each trial to board a bus is independent of when
the buses arrive. These events have probabilities

P [A] _ (Ttl: 11>pn—1(1 _ p)t—l—(n—l) (4)
P[B]l=(1-q"" (5)
P[C]=pq (6)

Consequently, the joint PMF of N and T is

(Dt —p) (1 —q)"lpg n>1,t>n

Pyg(n,t) =14 ‘n-1
wor (n,1) { 0 otherwise

It is possible to find the marginal PMF’s by summing the joint PMF. However, it
is much easier to obtain the marginal PMFs by consideration of the experiment.
Specifically, when a bus arrives, it is boarded with probability ¢. Moreover, the
experiment ends when a bus is boarded. By viewing whether each arriving bus is
boarded as an independent trial, /N is the number of trials until the first success.
Thus, N has the geometric PMF

1-q)" ¢ n=1,2,...

Py (n) = { 0 otherwise (8)

To find the PMF of T, suppose we regard each minute as an independent trial in
which a success occurs if a bus arrives and that bus is boarded. In this case, the
success probability is pg and T is the number of minutes up to and including the first
success. The PMF of T is also geometric.

[ (=p9'pg t=1,2,...
Pr(t) = { 0 otherwise )

Once we have the marginal PMFs, the conditional PMFs are easy to find.

- n—1 o\ t=1=(n-1)
Pa (alt) = PX2 00 [ () (B52)" (+2) n=1,2. .t
Pr(t) otherwise
(10)
That is, given you depart at time T = ¢, the number of buses that arrive during
minutes 1,...,¢t — 1 has a binomial PMF since in each minute a bus arrives with

probability p. Similarly, the conditional PMF of T given N is

Py (n, t) :{ (Hpr@—pt t=nn+1,...

Px () n—l (11)

P tln) =
T ( ) 0 otherwise
This result can be explained. Given that you board bus N = n, the time T when you
leave is the time for n buses to arrive. If we view each bus arrival as a success of an
independent trial, the time for n buses to arrive has the above Pascal PMF.



Problem 4.10.17 Solution
We need to define the events A = {U < u} and B = {V < v}. In this case,

Fyyv (u,v) = P[AB] = P[B] — P[A°B] = P[V <] — P[U > u,V < ] (1)

Note that U = min(X,Y) > w if and only if X > v and Y > u. In the same way, since
V =max(X,Y), V <wif and only if X <v and Y <wv. Thus

PlU>u,V<v]=PX>uY>uX<uvY < (2)
=Plu<X <wvu<Y <] (3)
Thus, the joint CDF of U and V satisfies
Fuv (u,v) =P[V <v]=P[U >u,V < 4)
=PX<v,Y<v]-Plu< X <vu<X < (5)
Since X and Y are independent random variables,
Fyv (u,v) =P[X <v]PlY <v]-Plu< X <v]Plu<X <] (6)
= Fx (v) Fy (v) = (Fx (v) = Fx (u)) (Fy (v) = Fy (u)) (7)
= Fx (v) Fy (u) + Fx (u) Fy (v) — Fx (u) Fy (u) (8)
The joint PDF is
fov (u,v) = % (9)
= 1 () Fy (1) + Fx (u) fy (v) (10)
= fx (u) fy (v) + fx (v) fy (v) (11)

Problem 5.1.3 Solution

(a) In terms of the joint PDF, we can write joint CDF as

1 Tn
Fx,,.. x,(x1,...,2p) =/ / IxXt,iXn W1y yn) dyr -+ dyp (1)
— 00 — 00

However, simplifying the above integral depends on the values of each x;. In particular,
fxi,.xa(W1,...,yn) = lifand only if 0 < y; < 1foreachi. Since F, . x,(x1,...,2,) =
0 if any x; < 0, we limit, for the moment, our attention to the case where x; > 0 for
all 7. In this case, some thought will show that we can write the limits in the following

way:
max(1,21) min(1,zx)
FX1,...,Xn (:L'l,...,:l,‘n) :/ / dy1 dyn (2)
0 0

= min(1, z1) min(1, z2) - - - min(1, z,,) (3)
A complete expression for the CDF of X1,..., X, is

" min(l,z;) 0<x,i=1,2,....,n
FX17"'7X7L (wl7 “ee 7x77,) = { (1)_12_1 ( ’ 2) Otﬂer;;ise ’ ’

(4)



(b) For n = 3,

1—P[miinXi§3/4} :P[mani>3/4] (5)
— P[X; > 3/4 Xy > 3/4, X5 > 3/4] (6)
/ / dl‘l dl‘Q dl‘3 (7)
3/4J3/4 J3/4
(1- 3/4 =1/64 (8)

Thus P[min; X; < 3/4] = 63/64.

Problem 5.4.7 Solution

Since Uy, ..., U, are iid uniform (0, 1) random variables,
1T 0<u; £ i =1,2,...,n
Jor,etm (1, ) = { 0 otherwise (1)
Since Uy, ...,U, are continuous, P[U; =U;] = 0 for all i # j. For the same reason,

P[X; = X;] = 0 for i # j. Thus we need only to consider the case when z; < zp < -+ < xp,.

To understand the claim, it is instructive to start with the n = 2 case. In this case,
(X1,X2) = (z1,22) (With 21 < x9) if either (U1, Us) = (21,x2) or (U1,Usz) = (x2,21). For
infinitesimal A,

fxyx, (w1,20) A2 = Ploy < Xy <21+ A, 29 < Xo < 9+ A (2)
:P[l'l < Uy §$1+A,$2<UQ §$2+A]
+P[$2<U1§$2+A,$1<U2§$1+A] (3)
= fuivs (@1,22) A% + fu, v, (w9, 1) A? (4)
We see that for 0 < x1 < 29 < 1 that
fX17X2 (1‘1,%2) = 2/Tn’ (5)
For the general case of n uniform random variables, we define = = [r(1) ... W(n)], as a
permutation vector of the integers 1,2,...,n and II as the set of n! possible permutation
vectors. In this case, the event {X; = z1, Xo = x9,..., X, = x,} occurs if
Uy = Tr(1), Uz = Tr(2)y--+> Un = Tr(n) (6)
for any permutation 7w € II. Thus, for 0 < z1 < a2 < --- <z, <1,
le,---7Xn (mlv s 7:ETL) A" = Z fU17~~~7Un (xﬂ(1)7 cee axw(n)) A" (7)
mell
Since there are n! permutations and fy, .. v, (Tx(1),- - > Tx(n)) = 1/T" for each permutation
7, we can conclude that
fxixn (@1, 2n) =nl/T". (8)
Since the order statistics are necessarily ordered, fx, . x,(z1,...,2,) =0unless z; < --- <

Tp.



Problem 5.5.1 Solution
For discrete random vectors, it is true in general that

Py(y)=P[Y=y]=P[AX+b=y]=P[AX =y —b]. (1)

For an arbitrary matrix A, the system of equations Ax =y — b may have no solutions (if
the columns of A do not span the vector space), multiple solutions (if the columns of A are
linearly dependent), or, when A is invertible, exactly one solution. In the invertible case,

Py(y)=P[AX=y—-b]=P[X=A"'y—b)] =Px (A" (y - D)). (2)

As an aside, we note that when Ax = y — b has multiple solutions, we would need to do
some bookkeeping to add up the probabilities Px (x) for all vectors x satisfying Ax = y —b.
This can get disagreeably complicated.

Problem 5.5.4 Solution
Let X; denote the finishing time of boat i. Since finishing times of all boats are iid Gaussian

random variables with expected value 35 minutes and standard deviation 5 minutes, we
know that each X; has CDF

Py, (2) = P|X; <] = P Xig35§x—535}:q)<a:—535> Q)

(a) The time of the winning boat is
W:min(Xl,Xg,...,Xlo) (2)

To find the probability that W < 25, we will find the CDF Fyy (w) since this will also
be useful for part (c).

FW (w) = P[min(Xl,Xg, ce ,Xl()) < w] (3)
:1—P[min(X1,X2,...,X10) >w] (4)
:1—P[X1>w,X2>w,...,X10>w] (5)

Since the X; are iid,

10
Fy (w)=1-[P[Xi>w] =1- (1 Fx, (w))" (6)

=1

w—35\\"
:1—<1—q>< - >> (7)
Thus,

P[W < 25] = Fiy (25) =1 — (1 — &(—2))" (8)
=1—[®(2)]'° = 0.2056. (9)



(b) The finishing time of the last boat is L = max(X1, ..., X19). The probability that the
last boat finishes in more than 50 minutes is

P[L>50]=1— P[L < 50] (10)
=1—P[X; <50,X5 <50,..., X150 < 50] (11)

Once again, since the X; are iid Gaussian (35,5) random variables,

10
PIL>50]=1-[[P[X; <50 =1— (Fx, (50))" (12)
i=1
=1 — (®([50 — 35]/5))"° (13)
=1—(®(3)' =0.0134 (14)

(¢) A boat will finish in negative time if and only iff the winning boat finishes in negative
time, which has probability

Fy (0)=1—-(1-&(=35/5)"=1-(1-2(-7)""=1-(e(7)"".  (15)

Unfortunately, the tables in the text have neither ®(7) nor Q(7). However, those with
access to MATLAB, or a programmable calculator, can find out that Q(7) = 1—-®(7) =
1.28 x 10712, This implies that a boat finishes in negative time with probability

F(0)=1—(1-128x 107310 =1.28 x 107, (16)

Problem 5.6.9 Solution

Given an arbitrary random vector X, we can define Y = X — px so that
Cx = B [(X - px)(X — px)] = E[YY'] = Ry. 1)

It follows that the covariance matrix Cx is positive semi-definite if and only if the correlation
matrix Ry is positive semi-definite. Thus, it is sufficient to show that every correlation
matrix, whether it is denoted Ry or Rx, is positive semi-definite.

To show a correlation matrix Rx is positive semi-definite, we write

aRxa=a'E [XX'|a=F [aXX'a] = E [(a'X)(X'a)] = E [(a'X)?]. (2)
We note that W = a’X is a random variable. Since E[IW?] > 0 for any random variable W,

aRxa=FE[W?] >0. (3)

Problem 5.7.6 Solution



(a) From Theorem 5.13, Y has covariance matrix

Cy = QCxQ’ (1)
~ [cos® —sind] [02 0 cos) sinf )
" [sinf  cosf | [0 o3| |—sinf cosd
_ [o%cos?0 +o3sin?0 (02 — 02)sinfcos (3)
" (02 —03)sinfcos® oFsin?6+ 03 cos?0|”

We conclude that Y7 and Y5 have covariance
Cov [Y1,Ys] = Cy(1,2) = (0?2 — 03)sinf cos b. (4)

Since Y7 and Y5 are jointly Gaussian, they are independent if and only if Cov[Y7, Ys] =
0. Thus, Y7 and Y3 are independent for all @ if and only if 02 = 3. In this case, when
the joint PDF fx(x) is symmetric in 1 and x3. In terms of polar coordinates, the
PDF fx(x) = fx,.x,(z1,72) depends on r = /22 + 23 but for a given r, is constant
for all ¢ = tan~!(xy/x1). The transformation of X to Y is just a rotation of the
coordinate system by # preserves this circular symmetry.

(b) If 03 > 0%, then Y; and Y3 are independent if and only if sin6 cos@ = 0. This occurs
in the following cases:

e #=0: Y, =X and Y5 = X

e 0=7/2: Y1 =—Xgand Yo = — X
e l=m Y =—-X;and Y5 = — X
e 0=—7/2: Y =Xoand Y2 = X3

In all four cases, Y7 and Y, are just relabeled versions, possibly with sign changes,
of X7 and Xs. In these cases, Y7 and Ys are independent because X; and Xy are
independent. For other values of 6, each Y; is a linear combination of both X; and
X5. This mixing results in correlation between Y7 and Y5.

Problem 5.7.7 Solution

The difficulty of this problem is overrated since its a pretty simple application of Prob-
lem 5.7.6. In particular,

cosf) —sinf

Q= [sin@ 0080]

1t g

Since X = QY, we know from Theorem 5.16 that X is Gaussian with covariance matrix

Cx = QCy Q' (2)
-vih 1[0 @
_1 [Hp —(1 —p)] {_11 H (4)

T2l+p 1-p
:E ﬂ. (5)

10



