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Abstract—The energy exchange between microgrids (MGs)
that are capable of generating power from renewable energy
sources in smart grids is investigated. As MGs are autonomous
and have control over their energy exchange, prospect theory is a
useful tool to provide a user-centric view on MG power trading.
More specifically, in this paper, the energy exchange among MGs
that are also connected to a power plant as a backup energy sup-
ply is formulated as a prospect theory-based static game and Nash
equilibria are provided under various scenarios. The impact of
user objective weight is evaluated during the outcome evaluation
on the performance of the game. Simulation results show that
user subjectivity tends to exaggerate selling and buying probabil-
ities when battery levels are high (and low), and thus decreases
the overall utility and increases the amount of the energy bought
at either low battery levels or low MG selling prices. Conditions
on the pricing system to ensure that the energy exchange system
is not impacted by the subjective view of MGs are also provided.

Index Terms—Energy exchange, game theory, micro-
grids (MGs), prospect theory (PT).

I. INTRODUCTION

M ICROGRIDS (MGs) are significant entities in the
development of smart grids. A MG consists of energy

components including the active loads such as air conditioning,
renewable power generators such as solar panels and wind
turbines, smart meters and energy storage devices such as
batteries [1]. Due to the intermittent production of renewable
power and the time varying power demand, the MG energy
surplus, either positive (i.e., the MG has extra power) or neg-
ative (i.e., the MG needs energy), has been shown to vary
over time and MGs [1]. By constituting a local energy trad-
ing market where the MGs with extra energy trade with the
MGs with insufficient power, MGs reduce their power demand
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from power plants and consequently reduce the losses due to
the long-distance power transportation and conversion in the
substation’s transformer [2].

Located at the consumers’ premises, MGs usually have
autonomy and control in their energy consumption and
transactions, making game theory a powerful tool to inves-
tigate the MG energy performance [2]–[9]. Traditional game
theory assumes that all the players in the game are rational
and uninfluenced by real-life perception. Consequently, most
existing game theoretic studies of smart grids are based on
the assumption that MGs make decisions according to their
expected utilities. However, this assumption deviates from
real-life decision-making and the traditional expected utility
theory (EUT) cannot explain the deviations due to end-user
subjectivity such as illustrated by Allais’s paradox [10]. For
example, we consider a two-option experiment with A: to
win $10, and B: to win $0 and $20 each with a probability 0.5.
Due to the subjective nature of human decision-making, exper-
imental results have shown that most people choose option A,
although B leads to a higher expected utility [10], [11].

Therefore, prospect theory (PT) has been proposed to pro-
vide a user-centric view to address this issue, which applies a
probability weighting effect to transform the objective prob-
abilities into subjective probabilities [10], [11]. This Nobel
prize winning theory was proposed to explain the fact that peo-
ple usually over-weigh the low probability bad outcomes and
under-weigh their favorite outcomes with high probabilities,
which is ignored by EUT. This theory also explains the
framing effect, i.e., players take into account the relative
gains regarding a reference point rather than the final asset
position, and the fact that losses loom larger than gains.
Originally developed for monetary transactions, prospect the-
ory has since then been used in social sciences [12], [13] as
well as recently to study influence of end-users in wireless
networks [14]–[18].

In this paper, we apply prospect theory to analyze MG
energy exchange in smart grids from a user-centric viewpoint.
More specifically, we formulate the energy exchange between
seller and buyer MGs that are also connected to a power plant
as a backup energy supply into a static game. The Prelec’s [19]
probability weight function is used to model the MG subjec-
tivity in the PT-based energy exchange game. If controlled by
a subjective owner, the MG emphasizes the small-chance case
that the selling payoff does not compensate for the energy loss
at lower battery levels or the buying price is high compared
with the energy gain at high battery levels and chooses its
action to avoid it.

1949-3053 c© 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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We present the Nash equilibria (NE) of the game between
two connecting MGs that can also trade with the power plant
under various scenarios, whose performance depends on the MG
states, energy trading prices and the energy gain function of the
MGs. We provide conditions for the existence of a unique NE
in the game, and evaluate the impact of user subjectivity on the
performance including the utility and the energy bought from
the power plant. Finally, pricing design criteria to eliminate
the user subjective impact for all MG states are provided.

The remainder of the paper is organized as follows. We briefly
review some related work in Section II and present the system
model in Section III. We formulate the MG energy exchange
as a PT-based game in Section IV. We study the NE strategy
in the PT-based game with one energy quantization level in
Section V and extend the results to a generic energy quantization
scenario in Section VI. We next provide simulation results in
Section VII. Finally, we conclude the paper in Section VIII.

II. RELATED WORK

In recent years, the energy control of MGs has attracted
significant research attention and the autonomy of MG makes
game theory a powerful tool to this end [3]–[8], [20]. For
instance, the interactions among the loads and sources within
a MG have been formulated as a noncooperative game with the
load modeled as variable resistances [3]. In [5], the demand
and supply in a solar-powered electrical MG was formulated as
a Potluck problem [21], where market bidding techniques were
applied for the pricing in the electricity market. In addition, in
the cooperative game model for the power system consisting
of several renewable energy sources with different properties,
the energy quantities for the generators are optimized for both
system operating costs and emissions [4]. In [8], the risky and
firm power contract offering is introduced for the wind power
producers to trade risky power in the forward market.

Game theory has been used to model the MG energy
exchange. For example, an MG coalition algorithm has been
proposed in [6] to match buyer and seller MGs, which has
been shown to reduce the loss during the distribution of power
between the MG sellers and buyers in the same coalition. Our
work is focused on the interactions of MGs after an MG coali-
tion or pairing decision is made. Matamoros et al. [7] analyzed
the energy trading between two MGs that are disconnected
from the power plant, and provided a centralized solution to
minimize the total cost as well as a distributed strategy which
converges after enough iterations.

While prospect theory was originally developed to model
and explain decision-making in monetary transactions, it
has recently found widespread use in many contexts: social
sciences [12], [13], [22], communication networks [14], [15],
[17], [23]–[25] and smart energy management [20]. In this
paper, we introduce user subjectivity and extend the discussion
to the multiple-MG case for a more generalized and common
case where the MGs are also connected to a power plant.

III. SYSTEM MODEL

In this paper, we consider a smart grid consisting of N MGs,
denoted as MGx, with 1 ≤ x ≤ N, which are connected to a

power plant1 (PP) in the main grid via a substation. Equipped
with one or several active loads, renewable power generators,
batteries and a local controller, each MG can not only con-
sume power, but can also generate energy and deliver its extra
energy to the other MGs or the power plant. Located at a
consumer’s premises, each MG has autonomy and holds a sub-
jective view when making decisions in energy transactions. We
apply the Prelec’s [19] probability weight function to model
user subjectivity, as will be presented in detail in Section IV.

In a slotted-time energy market where MGs exchange
energy with other MGs and the power plant, the amount of the
energy in the trade is quantized into several levels. We con-
sider a static game and denote the action of MGx by ax, with
Ms ≤ ax ≤ M, which is the amount of energy that MGx buys,
where M (or the absolute value of the negative integer Ms) is
the maximum amount of energy that an MG can buy (or sell)
in each trade. For example, MGx does not trade with ax = 0;
it buys in the local power market with ax > 0, and sells its
extra energy with ax < 0.

Considering the time varying power generation by the
renewable power generator in the MG and power demand by
the consumers, without loss of generality, we denote the state
of MGx by sx, with 0 ≤ sx ≤ S, which represents the battery
level of the MG, where S is the maximum battery storage and
sx = 0 indicates zero power. The maximum amount of the
energy exchange (M) and the maximum battery capability (S)
characterize the capabilities of the MGs.

In the local energy exchange, a buyer MG pays ρ+ per unit
energy (i.e., the MG buying price) and a seller MG obtains
ρ+ per unit energy (i.e., the MG selling price). On the other
hand, if trading with the opponent MG is infeasible, a MG
trades with the power plant: pays ρ+

p (i.e., the power plant
selling price) per unit energy to the power plant and obtains
ρ−

p per unit as the power plant buying price. All the prices are
positive by nature.

In the energy exchange process, if ρ+ = ρ−, all the pay-
ment of the buyer MG is sent to the seller; the local energy
market pays extra credits to the selling MG to promote MG
cooperation, if ρ+ < ρ−; otherwise if ρ+ > ρ−, the local
market takes maintenance fee from the trade.

Note that the energy trading depends on the MG battery
levels, energy prices, energy production and demand fore-
cast. Let g(s) denote the energy gain function of the MG,
representing the benefit that a MG obtains at state s. The
energy gain function g(s) is determined by the specific MG
system. Without loss of generality, g(s) is an increasing func-
tion of s, with g(s = 0) = 0. However, the rising rate of g(s)
decreases with s. For instance, a buyer MG at state s = 1
benefits much more from receiving unit energy than the buyer
at high battery levels with s = S.

The overall utility that an MG obtains depends on the energy
trading price, trading quantity, the MG state, the action of its
opponent MG and the energy gain function g(s). Let u(m, s)
denote the utility that a MG at state s obtains by exchanging

1Note that the power plant is sometimes a generator hidden behind some
balancing party, the ISO balancing services, aggregator, supplier, etc. The
proposed scheme can be easily extended to any mechanism between the MGs
and a backup unit.
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TABLE I
SUMMARY OF SYMBOLS AND NOTATIONS

m units of energy, which can be written as

u(m, s) =

⎧
⎪⎪⎨

⎪⎪⎩

g(s + m) − g(s) − mρ+, buy m units from MG
g(s + m) − g(s) − mρ+

p , buy m units from PP
g(s − m) − g(s) + mρ−, sell m units to MG
g(s − m) − g(s) + mρ−

p , sell m units to PP.

(1)

Clearly, a MG obtains zero payoff during the trading
moment if it does not trade with m = 0. We will investi-
gate dynamic trading processes in which an MG loses from a
reduced battery level over time in the future.

For simplicity, we assume constant pricing in the energy
exchange with ρ+ < ρ+

p and ρ− > ρ−
p , i.e., the local mar-

ket provides a lower selling price and a higher buying price
than the power plant to encourage the local energy exchange.
Equation (1) indicates that a MG obtains a higher utility by
trading with a MG instead of the power plant. This condition
is assumed in this paper. Consequently, each MG prefers to
exchange energy with the pairing MG to its own interests and
trades with the power plant only if its pairing MG is unavail-
able. For ease of reference, we summarize the commonly used
notation in Table I.

IV. PT-BASED MG ENERGY EXCHANGE GAME

Prospect theory has been developed to provide models and
explanations for the decision-making of human beings (when
faced with uncertainty) that is shown to deviate from the
assumptions of expected utility theory, specifically in relation
to behaviors such as risk seeking, loss aversion and the nonlin-
ear and nonuniform weighting of gains and losses. Therefore,
we formulate the energy exchange among subjective MGs and
the power plant as a noncooperative static game and apply
prospect theory to provide a user-centric view of decision
making of MGs in trading under uncertainty.

Without loss of generality, we consider the energy exchange
for MGx and MGy, with 1 ≤ x �= y ≤ N. Note that this game
consists of two players, MGx and MGy. In a smart grid consist-
ing of more than two MGs, we first apply the MG coalition
or pairing algorithm such as [6] to group them into several
MG-pairs according to locations and energy consumption and
generation histories of the MGs. In this paper, we focus on
the energy exchange within each MG pair.

The actions taken by MGx and MGy, denoted with ax and ay

respectively, represent the amounts of energy in the energy
trading. More specifically, a positive action represents the
amount of energy that the MG buys; the MG does not trade
with a = 0; and the MG sells −a units of energy if a < 0.
The MG can neither sell more energy than its saving nor can it
buy more than its battery space allowed, i.e., S ≥ ax + sx > 0.
The feasible action set for MGx is Ax � {Ms, . . . , M} if
S − M ≥ sx > −Ms. In general, the feasible action set for
MGx is given by max(Ms,−sx) ≤ ax ≤ min(M, S − sx).

Let ux(ax, ay) denote the utility that MGx at state sx obtains
by taking action ax toward MGy with action ay. As both players
prefer trading with each other to the power plant, according
to (1), the utility to MGx is given by

ux(ax, ay) = g(sx + ax) − g(sx) + Ct

Ct =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

−axρ
+, if ax ≥ 0, ay ≤ −ax

ayρ
+ − (ax + ay)ρ

+
p , if ax ≥ 0, 0 > ay > −ax

−axρ
+
p , if ax ≥ 0, ay ≥ 0

−axρ
−, if ax < 0, ay ≥ −ax

ayρ
− − (ax + ay)ρ

−
p , if ax < 0, 0 < ay < −ax

−axρ
−
p , if ax < 0, ay ≤ 0.

(2)

According to (2), we present the payoffs to MGx and MGy

in the pure-strategy static game in Table II for the case with
M = 2, Ms = −2, S − 2 ≥ max(sx, sy) and min(sx, sy) > 2.
For example, if both MGx and MGy buy unit energy with
ax = ay = 1, they have to trade with the power plant and
obtain the instant payoffs ux = g(sx + 1) − g(sx) − ρ+

p and
uy = g(sy + 1) − g(sy) − ρ+

p , respectively. In this game, if
g(sx + 2) − g(sx) > 2ρ+, g(sx + 2) − g(sx − 2) > 2ρ+ − 2ρ+

p ,
g(sy −2)−g(sy)+2ρ− > 0, and g(sy −2)−g(sy +2)+2ρ− +
2ρ+

p > 0, an MG cannot obtain higher utility by choosing the
actions unilateral from (ax = 2, ay = −2), which is an NE
in this case. This condition holds if MGx has a low battery
level (sx) while MGy has a high battery level (sy).

As each MG has autonomy and can be controlled by its
owner, we apply prospect theory to reflect the subjective
view of the MGs in the energy exchange. As users might
have uncertainty in their action selections, we use the mixed
strategy to take into account this randomness and formu-
late the one-shot energy exchange of subjective MGs into
a mixed-strategy static game. In this game, MGx and MGy

take actions over the action set Ax according to the prob-
abilities px � [ px,m]Ms≤m≤M, py � [ py,m]Ms≤m≤M , where
px,m � Pr(ax = m) and py,m � Pr(ay = m).

Let UEUT
x ( px, py) denote the expected utility to MGx aver-

aged over all the action realizations of the two players
following px and py. Assuming independent sx and sy, we
can write the expected utility to MGx with

UEUT
x

(
px, py

) =
M∑

m=Ms

M∑

n=Ms

ux(m, n) Pr(ax = m) Pr(ay = n)

(3)

where the instantaneous payoff ux(m, n) is given by (2).
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TABLE II
PAYOFFS TO MGx AND MGy IN THE ENERGY EXCHANGE GAME WITH PURE STRATEGY, WHERE EACH ROW CORRESPONDS TO AN ACTION BY MGx ,

WITH M = 2, Ms = −2, S − 2 ≥ max(sx, sy), AND min(sx, sy) > 2

Instead of relying on the expected utility function in (3), a
subjective player in prospect theory makes decisions according
to the prospect theory-based utility resulting from a probability
weighting function denoted by w(·). Let UPT

x (px, py) denote
the prospect theory-based utility to the subjective player MGx

UPT
x

(
px, py

) =
M∑

m=Ms

M∑

n=Ms

ux(m, n)

Pr(ax = m)wx
(
Pr(ay = n)

)
(4)

where wx(·) is the weighting function for MGx. According to
Prelec’s work [19], we use the weighting function as follows:

wx(p) = exp
(− (− ln p)αx

)
(5)

where the objective weight αx ∈ (0, 1] decreases with MGx’s
subjective evaluation distortion. With an inverse-S shape, i.e.,
being concave near 0 and convex near 1, the weighting
function reflects the fact that the impact of a change to a
subjective MG diminishes with the distance from certainty
(i.e., p = 1) and impossibility (i.e., p = 0). As an extreme
case, an objective user has α = 1 and w( p) = p and thus
UPT

x ( px, py;αx = 1) = UEUT
x ( px, py).

V. PERFORMANCE OF THE PT-BASED ENERGY

EXCHANGE WITH M = 1

We first consider the PT-based energy exchange game
between MGx and MGy with unit trading energy (i.e., M = 1
and Ms = −1) and deep battery storage (i.e., S � M). For
simplicity of notation, we use in this section px = [ p+

x , p−
x ]

and py = [ p+
y , p−

y ] to denote the mixed strategies of MGx

and MGy, respectively, with the MGx buying and selling
probabilities p+

x = px,1, and p−
x = px,−1. By definition,

px,0 = 1 − p+
x − p−

x . According to (1), we use C+/−
xj to denote

the instant payoff to MGx in different scenarios
⎧
⎪⎪⎨

⎪⎪⎩

C+
xy = �sx+1 − ρ+

C+
xp = �sx+1 − ρ+

p
C−

xy = −�sx + ρ−
C−

xp = −�sx + ρ−
p

(6)

where the energy gain difference �(s) = g(s) − g(s − 1),
s = 1, . . . , S. As an MG obtains zero payoff by taking action
a = 0, the subjective utility in (4) can be simplified into

UPT
x

(
px, py

) = p+
x

(
C+

xywx

(
p−

y

)
+ C+

xpwx

(
1 − p−

y

))

+ p−
x

(
C−

xywx

(
p+

y

)
+ C−

xpwx

(
1 − p+

y

))
(7)

UPT
y

(
py, px

) = p+
y

(
C+

yxwy
(
p−

x

)+ C+
ypwy

(
1 − p−

x

))

+ p−
y

(
C−

yxwy
(
p+

x

)+ C−
ypwy

(
1 − p+

x

))
. (8)

The expected utility to MGx, denoted with UEUT
x , is a special

case of UPT
x

UEUT
x

(
px, py

) = p+
x p−

y

(
C+

xy − C+
xp

)
+ p−

x p+
y

(
C−

xy − C−
xp

)

+ p+
x C+

xp + p−
x C−

xp (9)

UEUT
y

(
py, px

) = p+
y p−

x

(
C+

yx − C+
yp

)
+ p−

y p+
x

(
C−

yx − C−
yp

)

+ p+
y C+

yp + p−
y C−

yp. (10)

According to (7) and (8), the overall expected utility that
MGx and MGy obtain is given by

Uxy
(
px, py

) = UEUT
x

(
px, py

)+ UEUT
y

(
py, px

)

= p+
x p−

y

(
C+

xy − C+
xp

)
+ p−

x p+
y

(
C−

xy − C−
xp

)

+ p+
x C+

xp + p−
x C−

xp + p+
y p−

x

(
C+

yx − C+
yp

)

+ p−
y p+

x

(
C−

yx − C−
yp

)
+ p+

y C+
yp + p−

y C−
yp. (11)

As the local energy price is cheaper than the supply from
the power plant in this system, MGs reduce their reliance
on the power plant, which also decreases the overall car-
bon emissions. To this end, let Ep(px, py) denote the total
energy that MGx and MGy buy from the power plant, which
is given by

Ep
(

px, py

) = p+
x

(
1 − p−

y

)
+ p+

y

(
1 − p−

x

)
. (12)

We denote the NE in this case by p∗
x = [ p+∗

x , p−∗
x ] and

p∗
y = [ p+∗

y , p−∗
y ], where each MG chooses the action strategy

to maximize its own subjective utility function with the other
MG choosing the NE strategy. As each strategy in a Nash
equilibrium is a best response to all other strategies in that
equilibrium, we obtain the NE by

p∗
x = arg maxpx

UPT
x

(
px, p∗

y

)

p∗
y = arg maxpy

UPT
y

(
py, p∗

x

)

s.t. 0 ≤ p+
x , p−

x , p+
y , p−

y

p+
x + p−

x ≤ 1, p+
y + p−

y ≤ 1.

(13)

Theorem 1: If Condition A1 holds

A1: min
(

C+
xy, C−

xy, C+
yx, C−

yx

)
> 0, C+

yx > C−
yp

C−
yx > C+

yp, C+
xy > C−

xp, C−
xy > C+

xp (14)
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the PT-based energy exchange game is affected by user subjec-
tive effects and has a unique NE given by p∗

x = [ p+∗
x , 1−p+∗

x ]
and p∗

y = [ p+∗
y , 1 − p+∗

y ], where
(

C+
yx − C−

yp

)
exp

(− (− ln
(
1 − p+∗

x

))αy
)

=
(

C−
yx − C+

yp

)
exp

(− (− ln
(

p+∗
x

))αy
)

(15)
(

C+
xy − C−

xp

)
exp

(
−
(
− ln

(
1 − p+∗

y

))αx
)

=
(

C−
xy − C+

xp

)
exp

(
−
(
− ln( p+∗

y )
)αx
)
. (16)

Proof: As min(C+
xy, C−

xy, C+
yx, C−

yx) > 0 = ux(ax = 0) =
uy(ay = 0), we have p∗(x, m = 0) = p∗( y, m = 0) = 0,
yielding p+∗

x +p−∗
x = 1 and p+∗

y +p−∗
y = 1. By (8), we define

Fy as

Fy = UPT
y

(
py, p∗

x

)− λy

(
p+

y + p−
y

)

= p+
y

(
C+

yxwy
(

p−∗
x

)+ C+
ypwy

(
1 − p−∗

x

))− λy

(
p+

y + p−
y

)

+ p−
y

(
C−

yxwy
(

p+∗
x

)+ C−
ypwy

(
1 − p+∗

x

))
. (17)

According to the Karush–Kuhn–Tucker (KKT) optimality
condition for (13)
⎧
⎨

⎩

∂Fy/∂p+
y = C+

yxwy(p−∗
x ) + C+

ypwy(1 − p−∗
x ) − λy = 0

∂Fy/∂p−
y = C−

yxwy(p+∗
x ) + C−

ypwy(1 − p+∗
x ) − λy = 0

p+∗
x + p−∗

x = 1, p+∗
x ≥ 0, p−∗

x ≥ 0, λy > 0.

(18)

Thus,
(

C+
yx − C−

yp

)
wy
(
1 − p+∗

x

) =
(

C−
yx − C+

yp

)
wy
(
p+∗

x

)
. (19)

By (5), (19) becomes
(

C+
yx − C−

yp

)
exp

(− (− ln
(
1 − p+∗

x

))αy
)

=
(

C−
yx − C+

yp

)
exp

(− (− ln
(
p+∗

x

))αy
)

(20)

which has a positive solution if C+
yx > C−

yp and C−
yx > C+

yp.
Similarly,
(

C+
xy − C−

xp

)
wx

(
1 − p+∗

y

)
=
(

C−
xy − C+

xp

)
wx

(
p+∗

y

)
(21)

which can be rewritten as
(

C+
xy − C−

xp

)
exp

(
−
(
− ln(1 − p+∗

y )
)αx
)

=
(

C−
xy − C+

xp

)
exp

(
−
(
− ln( p+∗

y )
)αx
)

(22)

which has a positive solution if C+
xy > C−

xp and C−
xy > C+

xp.
Remark: When condition A1 holds, each MG benefits from

both buying and selling. In this case, with a large battery space
to store more energy and energy saving to sell, each MG is
motivated to take part in the trade. In addition, as C+

yx > C−
yp

and C−
yx > C+

yp, the payoff from trading with the opponent MG
exceeds that with the power plant. During the interaction with
a subjective MG, the trading strategy of an MG is impacted
by the subjective view of the opponent.

Corollary 1: Given an objective MGy with αy = 1, if con-
dition A1 holds, the PT-based energy exchange game has a
mixed strategy NE given by

p∗
x =

(
C+

yx − C−
yp

C−
yx + C+

yx − C−
yp − C+

yp
,

C−
yx − C+

yp

C−
yx + C+

yx − C−
yp − C+

yp

)

.

(23)

Proof: According to Theorem 5, when MGy is rational with
αy = 1 and wy(p) = p, (15) becomes

(
C+

yx − C−
yp

) (
1 − p+∗

x

) =
(

C−
yx − C+

yp

)
p+∗

x . (24)

The solution is (23) after simplification.
Theorem 2: For given min(C+

xy, C−
xy) < 0, the PT-based

energy exchange game is not impacted by user subjectivity
and has a unique NE p∗

x = (0, 0), (0, 1) or (1, 0) for unique

and nonzero payoffs C+/−
ij .

Proof: See the Appendix.
Remark: If C−

xy < 0, the energy loss for MGx exceeds
the selling price, which happens with either a low battery
level or a high selling price. Consequently, the MG does not
sell for its own interests, i.e., p−∗

x = 0, wy( p−∗
x ) = 0 and

wy(1 − p−∗
x )= 1. Similarly, if C+

xy < 0, MGx does not buy
with p+∗

x = 0. Therefore, for min(C+
xy, C−

xy) < 0, MGx takes
action ax = 0 with probability 1.

Theorem 3: If min(C+
xy, C−

xy) > 0 and condition A1 does
not hold, the PT-based energy exchange game is not impacted
by user subjectivity and has a unique NE p∗

x = (0, 0), (0, 1)
or (1, 0) for unique and nonzero payoffs C+/−

ij .
Proof: Similar to the proof to Theorem 2. Due to the space

limitation, the proof is omitted.
Theorem 4: The condition for the PT-based energy

exchange game is not impacted by user subjectivity for any
MG states is given by

ρ+ ≥ g(2) − g(1), or

ρ− ≤ g(S) − g(S − 1), or

ρ+ + ρ−
p ≥ g(2) − g(0), or

ρ− + ρ+
p ≤ g(S) − g(S − 2). (25)

Proof: According to Theorems 2, 3, and 5, the performance
is not impacted by user subjectivity unless condition A1 holds.
By (6), C+

xy > 0 in A1 yields C+
xy = �sx+1 − ρ+ > 0, i.e.,

ρ+ < �sx+1. Similarly, C+
xy > C−

xp in condition A1 yields
�sx+1 − ρ+ > −�sx + ρ−

p , i.e., ρ+ + ρ−
p < �sx+1 + �sx . In

this way, condition A1 can be rewritten as

ρ+ < min
(
�sx+1,�sy+1

)

ρ− > max
(
�sx ,�sy

)

ρ+ + ρ−
p < min

(
�sy + �sy+1,�sx + �sx+1

)

ρ− + ρ+
p > max

(
�sx + �sx+1,�sy + �sy+1

)
. (26)

As �s = g(s) − g(s − 1) is a decreasing function of s, with
0 ≤ s ≤ S, we have max(�s+1) = g(2)−g(1). Thus, condition
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A1 in (26) does not hold, if

ρ+ ≥ max (�s+1) = g(2) − g(1), or

ρ− ≤ min (�s) = g(S) − g (S − 1), or

ρ+ + ρ−
p ≥ max (�s + �s+1) = g(2) − g(0), or

ρ− + ρ+
p ≤ min (�s + �s+1) = g(S) − g(S − 2). (27)

Remark: An MG has no motivation to buy from another MG
with a high MG buying price (ρ+ ≥ g(1)−g(0)), or to sell to
another MG with a low selling price (ρ− ≤ g(S) − g(S − 1)).
Similarly, an MG buys if the power plant provides a very low
price (i.e., ρ+

p ≤ g(S)− g(S − 2)−ρ−), and sells if the power
plant provides a high payment (ρ−

p ≥ g(2)−g(0)−ρ+). Thus,
for given (25), an MG is motivated to trade with the power
plant with certainty and is not impacted by the random action
of the opponent MG.

VI. PERFORMANCE OF GAME WITH GENERIC

ENERGY QUANTIZATION

Now we extend the results for M = 1 in Section V into
a generalized energy exchange game between MGx and MGy

with mixed strategies px and py. Similar to (13), the NE in
this game denoted with ( p∗

x , p∗
y) can be written as

p∗
x = arg maxpx

UPT
x

(
px, p∗

y

)

p∗
y = arg maxpy

UPT
y

(
py, p∗

x

)

s.t. px 	 0, py 	 0
M∑

k=Ms

px,k = 1,
M∑

k=Ms

py,k = 1

(28)

where UPT· (·, ·) is the expected utility by (4). For convenience
of denotation, we define the payoff matrixes for MGx and MGy

with � � {ux(m, n)}Ms≤m,n≤M and � � {uy(m, n)}Ms≤m,n≤M ,
respectively, where each element is a parameter known by both
players according to (2).

Theorem 5: If the payoff matrixes � and � are positive
definite and have a rank of M−Ms+1, the NE of the PT-based
energy exchange game is given by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p∗
x,k = exp

⎛

⎝−
(

− ln

(

λy

M∑

m=Ms

[
�−1

]

m,k

)) 1
αy

⎞

⎠

p∗
y,k = exp

⎛

⎝−
(

− ln

(

λx

M∑

m=Ms

[
�−1

]

m,k

)) 1
αx

⎞

⎠

∀k = Ms, . . . , M
M∑

m=Ms

p∗
x,m = 1,

M∑

m=Ms

p∗
y,m = 1

(29)

where [A]i,j is the (i, j)th element of matrix A.
Proof: First, we define

Fx = UPT
x ( px, p∗

y) − λx

M∑

m=Ms

px,m

=
M∑

m=Ms

M∑

n=Ms

ux(m, n)px,mwx

(
p∗

y,n

)
− λx

M∑

m=Ms

px,m. (30)

Similar to the proof to Theorem 5, according to the KKT
optimality condition of (28), we have

∂Fx

∂px,k
=

M∑

n=Ms

ux(k, n)wx

(
p∗

y,n

)
− λx = 0 (31)

with Ms ≤ k ≤ M, which can be rewritten as
⎡

⎢
⎢
⎣

ux(Ms, Ms) ux(Ms, 1 + Ms) · ux(Ms, M)

ux(1 + Ms, Ms) ux(1 + Ms, 1 + Ms) · ux(1 + Ms, M)

· · · · · · · · · ·
ux(M, Ms) ux(M, 1 + Ms) · ux(M, M)

⎤

⎥
⎥
⎦

×

⎡

⎢
⎢
⎢
⎢
⎢
⎣

wx

(
p∗

y,Ms

)

wx

(
p∗

y,1+Ms

)

· · ·
wx

(
p∗

y,M

)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

= �

⎡

⎢
⎢
⎢
⎢
⎢
⎣

wx

(
p∗

y,Ms

)

wx

(
p∗

y,1+Ms

)

· · ·
wx

(
p∗

y,M

)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

= λx

⎡

⎢
⎢
⎣

1
1
· · ·
1

⎤

⎥
⎥
⎦. (32)

Since λx > 0 and wx(·) ≥ 0, if � is positive definite and
has a rank M − Ms + 1, � has an inverse matrix that is also
positive definite. In this case, the linear equations (32) can be
solved and we can simplify the first line in (31) into

wx(p
∗
y,k) = λx

M∑

m=Ms

[�−1]m,k, k = Ms, . . . , M. (33)

By integrating (5) into (33), we have

p∗
y,k = exp

⎛

⎜
⎝−

⎛

⎝− ln

⎛

⎝λx

M∑

m=Ms

[
�−1

]

m,k

⎞

⎠

⎞

⎠

1
αx

⎞

⎟
⎠. (34)

Similarly, we have p∗
x,k and obtain (29).

Next, we consider the EUT-based energy exchange game
with rational MGs, which is a special case of the PT-based
game.

Corollary 2: If the payoff matrixes � and � are positive
definite and have a rank of M − Ms + 1, the NE of the
EUT-based energy exchange game is given by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

p∗
x,k =

M∑

m=Ms

[
�−1

]

m,k

M∑

m=Ms

M∑

n=Ms
[�−1]m,n

p∗
y,k =

M∑

m=Ms

[
�−1

]

m,k

M∑

m=Ms

∑M
n=Ms [�−1]m,n

, k = Ms, . . . , M.

(35)

Proof: By taking αx = αy = 1 into (29), we have (35) after
simplification.

VII. SIMULATION RESULTS

We performed simulations to evaluate the impact of the
user’s objective weight α in (5) on the performance of the
NE strategy in the PT-based energy exchange game, including
the overall utility to both MGs in (11) and the total amount
of the energy bought from the power plant in (12). In the
simulations, we set M = −Ms = 1, S = 7 and the unit amount
of trading energy was 100 kWh.

First, the performance for the energy exchange between
two MGs with the same states is presented in Fig. 1, with
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(a)

(b)

(c)

Fig. 1. Performance versus MG state in the PT-based energy exchange
game with ρ+ = $0.01/kWh, ρ+

p = $0.08/kWh, ρ− = $0.09/kWh,
ρ−

p = $0.07/kWh, g(s) = [0, 8.25, 16, 23.25, 30, 36.25, 42], and sx = sy.
(a) Mixed NE strategy for MGx, p∗

x = [ p+
x , p−

x ]. (b) Overall utility,
Uxy(p∗

x , p∗
y ). (c) Overall energy bought from EP, Ep( p∗

x , p∗
y ).

ρ+ = $0.01/kWh, ρ+
p = $0.08/kWh, ρ− = $0.09/kWh,

ρ−
p = $0.07/kWh, g(s) = [0, 8.25, 16, 23.25, 30, 36.25, 42],

and sx = sy. As shown in Fig. 1(a), subjective MGs are
more likely to sell at high battery levels and to buy at low
battery levels than objective users, i.e., user subjectivity exag-
gerates the selling and buying probabilities when the battery
level is high or low. More specifically, a subjective user (e.g.,
α = 0.5) is more likely to buy at a low battery level than
an objective user (i.e., α = 1), e.g., p+∗

x (α = 0.5, s = 1) >

p+∗
x (α = 1, s = 1), and is more likely to sell at a high bat-

tery level, e.g., p−∗
x (α = 0.5, s = 6) > p−∗

x (α = 1, s = 6).
Consequently, subjective users have a lower overall utility and

(a)

(b)

Fig. 2. Performance versus MG state in the PT-based energy exchange
game, with ρ+ = $0.01/kWh, ρ+

p = $0.08/kWh, ρ− = $0.04/kWh,
ρ−

p = $0.01/kWh, g(s) = [0, 8.25, 14.5, 18.75, 21, 22.25, 23, 23.5], and
sy = 2. (a) Mixed NE strategy for MGx, p∗

x = [ p+
x , p−

x ]. (b) Overall utility,
Uxy( p∗

x , p∗
y ).

request more energy from the power plant at low battery lev-
els (e.g., s = 1), as shown in Fig. 1(b) and (c), resulting from
a higher probability of buying. On the other hand, subjective
users have a slightly higher overall utility and buy less from the
power plant at high battery levels (e.g., s = 6) due to a higher
selling rate.

Fig. 2 presents six (sx, sy) cases with ρ+ = $0.01/kWh,
ρ+

p = $0.08/kWh, ρ− = $0.04/kWh, ρ−
p = $0.01/kWh,

g(s) = [0, 8.25, 14.5, 18.75, 21, 22.25, 23, 23.5], and sy = 2.
In these cases, the MGs choose deterministic actions and the
trading performance is not impacted by user subjectivity. For
example, for given sy = 2, MGx does not trade at low battery
levels with sx = 1, 2, 3 and sells with probability one at high
battery levels with sx = 4, 5, 6.

Finally, Fig. 3 shows the performance versus the selling
MG price ρ−, with ρ+ = $0.01/kWh, ρ+

p = $0.08/kWh,
ρ−

p = $0.07/kWh, and the two MGs are in the same state
with � = [7.25, 6.75]. As indicated by Fig. 3, an MG with
extra energy is more likely to sell and obtains higher util-
ity with a higher MG selling price ρ−. The energy bought
from the power plant decreases with ρ− due to lower buy-
ing probability. Moreover, by exaggerating the buying and
selling probabilities at low and high selling prices, a sub-
jective user buys more energy from the power plant at low
MG selling prices and less energy from the power plant at
high ρ−.
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(a)

(b)

(c)

Fig. 3. Performance versus selling price between MGs in the PT-based
energy exchange game, with ρ+ = $0.01/kWh, ρ+

p = $0.08/kWh, and ρ−
p =

$0.07/kWh. X and Y are in the same state with � = [7.25, 6.75]. (a) Mixed
NE strategy, p∗

x = [ p+
x , p−

x ]. (b) Overall utility, Uxy( p∗
x , p∗

y ). (c) Overall
energy bought from EP, Ep( p∗

x , p∗
y ).

VIII. CONCLUSION

We have formulated an energy exchange game among MGs
and a power plant as a prospect theory-based static game,
which takes into account the subjective view of the MGs
that has been omitted by conventional game theory. We have
derived the NE in the PT-based energy exchange game and
investigated the impact of MG subjectivity on MG energy
exchange. Simulation results show that by exaggerating the
buying and selling behavior at low and high battery levels,
subjective MGs at low battery levels decrease the system util-
ity and request more energy from the power plant and vice
versa. We have also provided the criteria on the energy price
in the local energy market in order to avoid the impact of user
subjectivity in the trade.

In the future, we plan to formulate the MG energy exchange
during a short (e.g., 15 min), medium (e.g., 2 h) or long term

(a day) as a dynamic game, in which MGs hold subjective
views on the random MG states, which depend on the energy
trades and the forecast accuracies of the renewable energy
generation, demand and prices. In addition, we will investi-
gate the continuous energy exchange instead of the quantized
energy levels and consider the power transfer rate for given
systemic constraints such as the battery/source ratings and lim-
its on the power lines. Finally, an interesting related issue is
to study how the fast change of the MG pairing impacts the
MGs’ decision making.

APPENDIX

PROOF OF THEOREM 2

If C+
xy < 0, we have C+

xp < C+
xy < 0. It is clear by

0 ≤ w(p) ≤ 1 that C+
xywx(p−∗

y ) + C+
xpwx(1 − p−∗

y ) < 0. Since
p+

x , p−
x ≥ 0, by (7) and (13), we have p+∗

x = 0. Similarly,
p−∗

x = 0 if C−
xy < 0 and p+/−∗

y = 0 if C+/−
yx < 0.

Case (1) with C+
xy < 0 and C−

xy < 0: there is a unique NE
with p∗

x = [0, 0].
Case (2) with C+

xy < 0, C−
xy > 0, and C+

yx < 0: As
C+

xy < 0 and C+
yx < 0, we have p+∗

x = 0 and p+∗
y = 0.

Thus, UPT
x ([0, p−

x ], [0, p−∗
y ]) = p−

x C−
xp. If C−

xp < 0, we have
p∗

x = [0, 0]; otherwise, p∗
x = [0, 1] for C−

xp > 0.
Case (3) with C+

xy > 0, C−
xy < 0, and C−

yx < 0:
Similar to case (2), we have p−∗

x = 0 and p−∗
y = 0.

Thus, UPT
x ([p+

x , 0], [p+∗
y , 0]) = p+

x C+
xp. If C+

xp < 0, we have
p∗

x = [0, 0]; otherwise, p∗
x = [1, 0] for C+

xp > 0.
Case (4) with C+

xy < 0, C−
xy > 0, C+

yx > 0, and C−
yp < 0: It

is clear from C+
xy < 0 that p+∗

x = 0. By (7) and (8), we have

UPT
x

([
0, p−

x

]
, p∗

y

)
= p−

x

(
C−

xywx

(
p+∗

y

)
+ C−

xpwx

(
1 − p+∗

y

))

(36)

UPT
y

(
py,

[
0, p−∗

x

]) = p+
y

(
C+

yxwy
(
p−∗

x

)+ C+
ypwy

(
1 − p−∗

x

))

+ p−
y C−

yp. (37)

As C−
yp < 0, by (37) we have p−∗

y = 0 and (37) becomes

UPT
y

([
p+

y , 0
]
,
[
0, p−∗

x

]) = p+
y

(
C+

yxwy
(
p−∗

x

)

+ C+
ypwy

(
1 − p−∗

x

))
. (38)

Clearly, UPT
x in (36) [or UPT

y in (38)] is a linear func-
tion of p−

x (or p+
y ). As C−

xy > 0, by (36), we have
UPT

x (px = [0, 1], p∗
y = [1, 0]) = C−

xy > UPT
x ([0, p−

x ],
p∗

y = [1, 0]) = p−
x C−

xy. Similarly, by (38) and C+
yx > 0

UPT
y ( py = [1, 0], p∗

x = [0, 1]) = C+
yx > UPT

y ([ p+
y , 0], p∗

x =
[0, 1]) = p+

y C+
yx. Thus, p∗

x = [0, 1] and p∗
y = [1, 0] is the NE

for this case.
Case (5) with C−

xy < 0, C+
xy > 0, C−

yx > 0, and C+
yp < 0:

Similar to Case (1.4), p∗
x = [1, 0] and p∗

y = [0, 1] is the NE
of the game.

Case (6) with C+
xy < 0, C−

xy > 0, C+
yx > 0, and C−

yp > 0:
Similar to Case (4), we have p+∗

x = 0 and

UPT
x

([
0, p−

x

]
, p∗

y

)
= p−

x

(
C−

xywx

(
p+∗

y

)
+ C−

xpwx

(
1 − p+∗

y

))

(39)
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UPT
y

(
py,

[
0, p−∗

x

]) = p+
y

(
C+

yxwy
(
p−∗

x

)+ C+
ypwy

(
1 − p−∗

x

))

+ p−
y C−

yp. (40)

If C−
xp > 0, we have C−

xywx(p+∗
y ) + C−

xpwx(1 − p+∗
y ) > 0

and thus p∗
x = [0, 1]. Otherwise, if C−

xp < 0, by (39), if
	1 : C−

xywx(p+∗
y ) + C−

xpwx(1 − p+∗
y ) > 0, we have p−∗

x = 1
and p∗

x = [0, 1]. Thus, (40) becomes UPT
y ( py, [0, 1]) =

p+
y C+

yx + p−
y C−

yp. If C+
yx > C−

yp, we have p∗
y = [1, 0]. As

p+∗
y = 1 and C−

xy > 0, it is clear that the condition
	1 : C−

xywx( p+∗
y ) + C−

xpwx(1 − p+∗
y ) = C−

xy > 0 holds. On
the other hand, if C+

yx < C−
yp, we have p∗

y = [0, 1] and thus
C−

xywx( p+∗
y ) + C−

xpwx(1 − p+∗
y ) = C−

xp < 0, i.e., 	1 holds.
Similarly, if 	2:C−

xywx(p+∗
y ) + C−

xpwx(1 − p+∗
y ) < 0, we

have p∗
x = [0, 0], and UPT

y (py, [0, 0]) = p+
y C+

yp + p−
y C−

yp. If
C+

yp > C−
yp, we have p∗

y = [1, 0]. As p+∗
y = 1, it is clear that

C−
xywx(p+∗

y ) + C−
xpwx(1 − p+∗

y ) = C−
xy < 0, contradicting to

the condition 	2. On the other hand, if C+
yp < C−

yp, we have
p∗

y = [0, 1] and thus C−
xywx(p+∗

y ) + C−
xpwx(1−p+∗

y ) = C−
xp < 0,

matching with the condition 	2. Thus, p∗
x = [0, 1] is the NE

if C−
xp > 0 or C+

yx > C−
yp; and p∗

x = [0, 0] is the NE if C−
xp < 0

and C+
yp < C−

yp.
Case (7) with C−

xy < 0, C+
xy > 0, C−

yx > 0, and C+
yp > 0:

Similar to Case (1.6), if C+
xp > 0, we have p∗

x = [1, 0].
Otherwise, if C+

xp < 0, p∗
x = [1, 0] is the NE for C−

yx > C+
yp,

and p∗
x = [0, 0] for C−

yp < C+
yp.

In summary, we have p∗
x = (0, 0), for condition 
0; p∗

x =
(0, 1) for 
1; and p∗

x = (1, 0) for 
2 with


0 :
(

C+
xy < 0, C−

xy < 0
)

or
(

C+
xy < 0, C−

xy > 0, C+
yx < 0, C−

xp < 0
)

or
(

C+
xy > 0, C−

xy < 0, C−
yx < 0, C+

xp < 0
)

or
(

C+
xy < 0, C−

xy > 0, C−
xp < 0, C+

yx > 0, C−
yp > 0, C+

yp < C−
yp

)

or
(

C−
xy < 0, C+

xy > 0, C+
xp < 0, C−

yx > 0, C+
yp > 0, C−

yp < C+
yp

)


1 :
(

C+
xy < 0, C−

xy > 0, C+
yx < 0, C−

xp > 0
)

or
(

C+
xy < 0, C−

xy > 0, C+
yx > 0, C−

yp < 0
)

or
(

C+
xy < 0, C−

xy > 0, C+
yx > 0, C−

yp > 0,
(

C−
xp > 0

or C+
yx < C−

yp

))


2 :
(

C+
xy > 0, C−

xy < 0, C−
yx < 0, C+

xp > 0
)

or
(

C+
xy > 0, C−

xy < 0, C−
yx > 0, C+

yp < 0
)

or
(

C+
xy > 0, C−

xy < 0, C−
yx > 0, C+

yp > 0
(

C+
xp < 0 or C−

yx < C+
yp

))
.
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