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Abstract—This paper investigates the symmetric degrees of the optimal DoF. This was followed by the landmark paper of
freedom (DoF) of multiple-input multiple-output (MIMO) ce llular 4], where it was shown that thé& -user single-input single-
networks with G cells and K users per cell, having N antennas output (SISO) interference channel hAg2 DoF. The crucial

at each base station (BS) andM antennas at each user. In tributi f . tofi heméor interf
particular, we investigate achievability techniques basa on either contribution of [4] is anasymptotic scheméor interference

decomposition with asymptotic interference alignment or inear ~a@lignment over multiple symbol extensions in time or freoue
beamforming schemes, and show that there are distinct regigs for establishing the optimal DoF. This scheme requires chbn
of (G, K, M,N) where one outperforms the other. We first note to be time/frequency varying and crucially relies on the eom
that both one-sided and two-sided decomposition with asymptic  tativity of diagonal channel matrices obtained from sgimb

interference alignment achieve the same degrees of freedori/e . L .

then establish a set of conditions under which the DoF achied EX€NSIONs in time or frequency. The asymptotic scheme has
using decomposition based schemes is optimal by deriving ®ts been extended to MIMO cellular networks [5] and MIM®

of outer bounds on the symmetric DoF based on existing outer networks [6]. We note that instead of relying on infinite syahb
bounds for MIMO X -networks. Using these results we completely extensions over time or frequency varying channels, a kigna
characterize the optimal DoF of any G-cell network with each space alignment scheme based on rational dimensions gedelo

user having a single antenna. For linear beamforming schensewe . - . .
first focus on small networks and propose a structured approgh " [7) achieves the same DoF using the schemelin [4], but over

to linear beamforming based on a notion called packing ratis. constant channels.

The notion of packing ratio describes the interference foqtrint or Since these early results, both, the asymptotic schem@&§,of [
shadow cast by a set of transmit beamformers and enables us to[[7] and the linear beamforming schemes have emerged as the
identify the underlying structures for aligning interfere nce. Such a |aa4ing techniques to establish the optimal DoF of varicets n
structured beamforming design can be shown to achieve the éimal . - .

spatially normalized DoF (sDoF) of two-cell two-user/celhetwork Work§. Of partlcular note is the fact .that. so far, techmqs@
and the two-cell three-user/cell network. For larger netwoks, we as dirty paper coding and successive interference catioalla
develop an unstructured approach to linear interference dgnment, have not been necessary to establish results on DoF.

where transmit beamformers are designed to satisfy conditins for In this work, we study the DoF achieved using the asymptotic

interference al_lgnment W|th0L_Jt explicitly |dent|f_y|ng the ynd_erlylng schemes of([4],[]7] and the linear beamforming schemes along
structures for interference alignment. The main numerical insight

of this paper is that such an approach appears to be capable of with conditions for tht_e|r_ qpt|mgllty in the context of MIMO
achieving the optimal sDoF for MIMO cellular networks in regimes ~ Cellular networks. Optimizing either scheme to general NIM
where linear beamforming dominates asymptotic decomposin, cellular networks is not straightforward. While the asyatjat
and a significant portion of sDoF elsewhere. Remarkably, pgho-  schemes require the multi-antenna nodes in a MIMO network
mial identity test appears to play a key role in demarcating he  , he gecomposed into independent single-antenna nodear li
boundary of the achievable sDoF region in the former case. . : L .
beamforming schemes require significant customizatioe#gh

MIMO cellular network. This paper is motivated by the work of
[8], which shows that for thé-user MIMO interference channel

Cellular networks are fundamentally limited by inter-celthe two techniques have distinct regimes where one outpasfo
interference. Transmit optimization in time, frequencyspatial the other and that both play a critical role in establishihg t
domains have all been frequently used to manage interferergptimal DoF. We observe that the same insight also applies
In this context, degrees of freedom (DoF) has emerged asoaMIMO cellular networks, but the characterization of the
useful yet tractable metric in quantifying the extent to evhi optimal DoF is more complicated because of the presence of
interference can be mitigated through transmit optimizain  multiple users per cell. This paper makes progress on this fr
time/frequency/spatial domains. In this work we study tr@D by studying the optimality of decomposition based schemes
of multiple-input multiple-output (MIMO) cellular netwks for a general(G, K, M, N) network, and by developing two
with G cells andK users/cell havingV antennas at each basecontrasting approaches to linear beamforming that emeoge f
station (BS) and\/ antennas at each user—denoted in this papevo different perspectives on interference alignment dad are
as a(G, K, M, N) network. DoF optimal for certain networks.

The study of DoF started with the work on the two-user )
MIMO interference channel]1]. In[]2],[13], the authors in/A Literature Review
vestigate the DoF of th@ x 2 X network for whichlinear In the following, we first review the existing results based
beamformindased interference alignment was used to establish decomposition and linear beamforming, then describe our

I. INTRODUCTION



contributions towards establishing the optimal DoF of MIMGignificant attention[[14]=[19]. Designing transmit anaeive
cellular networks. beamformers for linear interference alignment is equiviate
solving a system of bilinear equations and a widely used siece
sary condition to check for the feasibility of linear interénce
alignment is to verify if the total number of variables exdee
The asymptotic scheme developed [in [4] for the SIBGQuser the total number of constraints in the system of equatiohs. |
interference channel can be extended to other MIMO networkssystem has more number of variables than constraints then i
including the X network [6], [9], and cellular networks |[5], is called a proper system, otherwise it is called an improper
[10] having the same number of antennas at each node. Siggetem [[14]. In particular, wherd DoF/user are desired in
the original scheme in_[4] relies on commutativity of channex (G, K, M, N) network, the system is said to be proper if
matrices, applying this scheme to MIMO networks require$/ + N > (GK + 1)d and improper otherwisé [19]. While it is
decomposing multi-antenna nodes into multiple single@and known that almost all improper systems are infeasiblé [[&],
nodes. Two-sided decomposition involves decomposing bd#asibility of proper systems is still an area of active ezeh.
transmitters and receivers into single-antenna nodedewhie- |n [15]-[17] a set of sufficient conditions for feasibilityrea
sided decomposition involves decomposing either the tnétns established, while numerical tests to check for feasjbidite
ters or the receivers. Once a network has been decomposedptvided in [18].
scheme in[[4] can be applied to get an inner bound on the DoFwhile the optimality of linear beamforming for th& -user
of the original network. MIMO interference channel has been well studied, the role of
Two-sided decomposition was first used to prove that thi@ear beamforming in MIMO cellular networks having diféat
K-user interference channel with/ antennas at each nodenumber of antennas at the transmitters and receivers has not
has KM /2 DoF [4]. This shows that the network is two-sideeceived significant attention. Partial characterizatnthe
decomposable, i.e., no DoF are lost by decomposing muliptimal DoF achieved using linear beamforming for two-cell
antenna nodes into single antenna nodes. Two-sided decemtworks are available in [20]=[23], while [24] establistee set
position is also known to achieve the optimal DoF of MIMQof outer bounds on the DoF for the genef@l, K, M, N) net-
cellular networks with same number of antennas at each naglérk. Linear beamforming techniques to satisfy the condi
[5]. In particular, it is shown that &G, K, N,N) network for interference alignment without symbol extensions dse a
has KN/(K + 1) DoF/cell. However, forA x B X networks presented in[23]5[26].
with A transmitters andB receivers havingV antennas at  Characterizing linear beamforming strategies that aehibe
each node, two-sided decomposition is shown to be suboptimgtimal DoF for larger networks is challenging primarily-be
and that one-sided decomposition achieves the optimal De&use multiple subspaces can interact and overlap in coagd
of ABN/(A+ B —1) [9]. In [11], [12], the DoF of theK- ways. Thus far in the literature, identifying the undertyin
user interference channel with/ antennas at the transmittersstructure of interference alignment for each given netwerk.
and N antennas at the receivers is studied and the optimabspace alignment chains for the three-user MIMO interfes
DoF is established for som&/ and N (e.g., whenM and channel) has been a prerequisite for (a) developing cagintin
N are such that% is an integer) using the rationalarguments that expose the limitations of linear beamfogmin
dimensions framework developed [1 [7]. [1 [8], it is showmitth strategies and (b) developing DoF optimal linear beamfogmi
decomposition based schemes achieve the optimal DoF of Smategies. For the MIMO cellular network, significant nece
K-user interference channel wheneves“-2— < &L <1 for progress has been made n[27], where a genie chain structure
K > 4. has been identified, and the optimality of linear beamfogmin
has been established for certain regimes. In contrast i 2
current paper on the one hand establishes a simpler steuctur
called packing ratios for smaller networks, yet on the other
Linear beamforming techniques that do not require decompogand, through numerical observation, establishes that eve
tion of multi-antenna nodes play a crucial role in estalitigh ynstructured approach can achieve the optimal DoF for a wide
the optimal DoF of MIMO networks with different numberrange of MIMO cellular networks, thus signficantly allevet
of antennas at the transmitters and receivers. In partictia the challenge in identifying structures in DoF-optimal fmea

work of Wang et al.[[IB] highlights the importance of lineaformer design for larger networks.
beamforming techniques in achieving the optimal DoF of the

MIMO three-user interference channel. [n[13], the achigitg B- Main Contributions
of the optimal DoF is established through a linear beamfogni  This paper aims to understand the DoF of MIMO cellular
technigque based on a notion called subspace alignmentschairetworks using both decomposition based schemes and linear
A more detailed characterization of the DoF of the MIMheamforming. On the use of decomposition, we first note that
K-user interference channel is provided [in [8] where antenbath, the asymptotic scheme of [11] for the MIMO interfer-
configuration (values of/ andN) is shown to play an important ence channel and the asymptotic scheme[of [6] for the X-
role in determining whether the asymptotic schemes or tineaetwork can be applied to MIMO cellular networks. Extending
beamforming schemes achieve the optimal DoF. the scheme in[[11] to MIMO cellular networks requires one-
Studying the design and feasibility of linear beamformiog f sided decomposition on the user side (multi-antenna users a
interference alignment without symbol extensions hasivede decomposed to multiple single antenna users), while ekignd

1) Decomposition Based Schemes

2) Linear Beamforming



the scheme in(]6] requires two-sided decomposition. More irsuch an approach, depending on the DoF demand placed on a
portantly, both approaches achieve the same degrees dbfree given MIMO cellular network, we first identify the total nureb
In this paper, we develop a set of outer bounds on the DoFdimensions that are available for interference at eachVEs
of MIMO cellular networks and use these bounds to establighen design transmit beamformers in the uplink by first con-
conditions under which decomposition based approaches siricting a requisite number of random linear vector eguati
optimal. The outer bounds that we develop are based on that the interfering data streams at each BS are requireditfys
outer bound for MIMO X-networks established in_][6]. In so as to not exceed the limit on the total number of dimensions
particular we establish that for anyG, K, M, N) network, occupied by interference. We then proceed to solve this fset o
max (%7 %) is an outer bound on the DoF/user, wherénear equations to obtain a set of aligned transmit beaméos.
nelt pe{l,2,....G-1},qe {1,2,...,(G - pK}}. The cru<_:|al element in su<_:h an gpproach is the _fa_\ct that we
4 c5:onstruct linear vector equations with random coefficientss
T . Is a significant departure from typical approaches to canstr
cellular networks, similar in spirit o [13], we allow for ap aligned beamformers where the linear equations that igenti

tial extensions of a given network and study the spatially: ¥ | " .
: 9 : : y P Yhe alignment conditions emerge from notions such as sgbspa
normalized DoF (sDoF). Spatial extensions are analogousat‘lcl) ; : : : .
gnment chains or packing ratios and are predefined with

time/frequency extensions where spatial dimensions adediddeterministic coefficients. The flexibility to choose randooef-

to the system through addition of antennas at the trangmitte . . . . .
; . . . icients allows us to use this technique for interferenagratient
and receivers. Unlike time or frequency extensions wheee t ; . . S
In networks of any size, without having to explicitly infdnet

resulting channels are block diagonal, spatial extensagssme .
underlying structure.

generic channels with no additional structure—making them - . . '
significantly easier to study without the peculiaritiescasated While such an approach is also discussed.id [28] [25],

with additional structure. Using the notion of sDoF, we ﬁrsﬁ:fever"‘lI issues remain, including the necessity for a paiyao

develop a structured approach to linear beamforming that' nUt;(; test. In_m:)r worfk we outlm_e the;].key steps tr? de(sjngnll(
particularly useful in two-cell MIMO cellular networks. When aligned transmit beamiormers using this approach and take a

focus on an unstructured approach to linear beamforming tﬁ:{lj‘oser look at the DoFs that can be gchleved using such an
can be applied to a broad class of MIMO cellular networks. approach. We then proceed to numerically examine the opti-
Structured approach to linear beamforminghis paper mality of the DoF achieved through such a scheme. Numerical
develops linear beamforming strategies that achieve tkimap evidence suggests that forlany given, X, M.’ N) ne'gwork, the
SDOF of two-cell MIMO cellular networks with two or threeunstructured approach to linear beamforming achieves tie o

users per cell. We characterize the optimal sDoF/user for Qﬂal sDoF whenevel/ and ' are such that the decomposition

MN i i
values of M and N and show that the optimal sDoF is a'(nxﬁr]\?ound(KM+N) lies below the proper-improper boundary

piecewise-linear function, with eithev/ or N being the bottle- m) Re_markably, th? p0|ynom'al |dgntlty test plays a key
neck. We introduce the notion gfacking ratiothat describes role in identifying the optimal sDoF in this regime.

the interference footprint or shadow cast by a set of uplink

transmit beamformers and exposes the underlying structée Paper Organization

of interference alignment. Specifically, the packing ratioa The presentation in this paper is categorized into two main

given set of beamformers is the ratio between the r}umbergérts' The first part, presented in Sectiod Ill, discusses th
beamformers in the set an_d the '?”mber of dl_men5|ons theSfievable DoF using decomposition based approaches and
beamformers occupy at an interfering base-station (BS).  ggaplishes outer bounds on the DoF of MIMO cellular network

_ Packing ratios are useful in determining the extent to whigRat jgentify the conditions under which such an approach is
interference can be aligned at an interfering BS. For examphok gptimal. In the second part, we present a structured and a
for the two-cell, three-user/cell MIMO cellular networkhen nctructured approach to linear beamforming design for RIM
M/N < 2/3, the best possible packing ratio2s1, i.e., a set cejyjar networks. In particular, in Sectidh WA, we esfab

of two beamformers corresponding to two users aligns ontoy@ optimal sDoF of the two-cell MIMO network with two or
single dimension at the interfering BS. This suggests fa&i hree users per cell through a linear beamforming strateggd
had sufficiently many such sets of beamformers, no more thgh packing ratios. SectioR IAC introduces the unstructure
2N/3 DoF/cell are possible.Jhis in fact turns out to bg a tigf};{pproach to interference alignment and explores the scoge a
upper bound whenevey < - < 3. Through the notion of jimitations of such a technique in achieving the optimal EDo
packing ratios, it is easier to visualize the achievabitifythe ¢ any (G, K, M, N) network.

optimal sDoF using linear beamforming and the exact cause fo
the alternating behavior of the optimal sDoF where eitheor
N is the bottleneck becomes apparent. In particular, we kstab
the sDoF of two-cell networks with two or three users/cell. We represent all column vectors in bold lower-case lettads a
Unstructured approach to linear beamforminin order to all matrices in bold upper-case letters. The conjugatesfrase
circumvent the bottleneck of identifying the underlyingisture and Euclidean norm of vector are denoted as* and ||v||,
of interference alignment and to establish results for athset respectively. Calligraphic letters (e.q2) are used to denote sets.
of networks, this paper proposes a structure agnostic approThe column span of the columns of a math4 is denoted as
to designing linear beamformers for interference alignimbn span(M).

In order to study linear beamforming strategies for MIM

D. Notation



Il. SYSTEM MODEL

Consider a network witltz interfering cells withK users in
each cell, as shown in Fif] 1. Each user is assumed to have
M antennas and each BS is assumed to ldvantennas. The Yo ) v NN
index pair(j, ) is used to denote thigh user in thejth cell. The
channel from usety, ) to theith BS is denoted as th¥ x M Ij Ij Ij Ij Ij Ij Ij Ij Ij Ij Ij Ij
matrix H;; ;). We assume all channels to be generic and tindo. 1: Figure representing a cellular network having thnegtually
varying. In the uplink, use(j,!) is assumed to transmit the'Mterfering cells with four users per cell
M x 1 signal vectork;(¢) in time slot¢. The transmitted signal
satisfies the average power constraiviatth:1 lIxi; (O)|1* < p.

The resulting received signal at tfigh BS can be written as ~ also referred to as the symmetric DoF of a network. This paper
focuses on characterizing the optimal symmetric DoF of MIMO

‘& cellular networks
=3 Hygxi +n, 1) '
Jj=11=1 IIl. DECOMPOSITIONBASED SCHEMES. ACHIEVABLE DOF
wherey; is an N x 1 vector andn; is the N x 1 vector AND CONDITIONS FOROPTIMALITY

representing circular symmetric additive white Gaussiaisen  In this section we discuss the DoF/user that can be achieved
~ CN(0,I). The received signal is defined similarly for thén a MIMO cellular network using the asymptotic scheme
downlink. presented inJ4] and establish the conditions under whict su
Suppose the transmit signal vector is formed througli ad an approach is DoF optimal.

linear transmit beamforming matri¥ ;; and received using a . . -
N x d receive beamforming matrikl ;;, whered represents the A. Achievable DoF using decomposition based schemes
number of transmitted data streams per user, then the eeteiv Applying the asymptotic scheme inl[4] to a MIMO network
signal can be written as requires us to decompose either the transmitters or thevezse

or both, into independent single-antenna nodes. When using

¢ X the asymptotic scheme on the decomposed network, the DoF

Z Z (i) Y jisii + i, () achieved per user in the original network is simply the sum of

J=li=1 the DoFs achieved over the individual single-antenna nodes
wheres; is thed x 1 symbol vector transmitted by uséy, ). One-sided decomposition of(&, K, M, N) cellular network

We denote the space occupied by interference atittheBS on the user side reduces the network toGecell cellular
as the column span of a matriR; formed using the column network with KM/ single antenna users per cell. Since user-side
vectors from the sef{H;, )vr : j € {1,2,...,G}, | € decomposition of both, the MIMO interference channel ared th
{1,2,...,K}, k € {1,2,...,d}, j # i}, where we use the MIMO cellular network, result in a MISO cellular network,eh
notationv ;; to denote thésth beamformer associated with useresults of [11], [12] naturally extend to MIMO cellular nedvks.
(7, D). Two-sided decomposition of &, K, M, N) cellular network
To recover the signals transmitted by ugerl), the signal results inGN single-antenna BSs aridM single-antenna users,
received by théth BS is processed using the receive beamformwhich form aGN x GKM X-network with a slightly different
U, and the received signal after this step can be written as message requirement than in a traditioRahetwork since each
o K single-antenna user is interested in a message from &nbf
_ HY, . V.S H_ the GN single-antenna BSs. The asymptotic alignment scheme
Uilyi = ZZU“ Hito Visi + Ui ®) developed in[[6] forX-networks can also be applied to this
_ _ ) _ . . GN x GKM X-network. Using the results in][6][11], [12],
The information theoretic quantity of interest is the degref he achievable DoF for general MIMO cellular networks using
freedom. In particular, the total degrees of freedom of avaek decomposition based schemes is stated in the followingéneo

j=11=1

is defined as
Theorem 3.1 For the (G, K, M, N) cellular network, using
lim sup sup (R11(p) + Bia(p) + .. + Raxc(p)) one-sided decomposition on the user side or two-sided dezom
p—00 | {Ri;(p)}EC(p) log(p) sition, I?]\%ﬁ-]\lf\/ DoF/cell are achievable whefG —1)KM > N.

where p is the signal-to-noise (SNR) ratiofR;;(p)} is an

achievable rate tuple for a given SNR whétg denotes the rate  This theorem generalizes the result established in [5] IBOS

to user(i, j), andC(p) is the capacity region for a given SNR.cellular networks to MIMO cellular networks. By duality of
As is evident, the sum-DoF of a network is the pre-log factdinear interference alignment, this result applies to baptink

at which sum-capacity scales as transmit power is increase@l downlink. When(G — 1)K < N, there is no scope for

to infinity. Informally, it is the total number of interferea interference alignment and random transmit beamforming in
free directions that can be created in a network. Due to ttiee uplink turns out to be the DoF optimal strategy. Note
symmetry in the network under consideration, maximizing ththat while we considered decomposing multi-antenna users
sum-DoF is equivalent to maximizing the DoF/user or DoR/ceinto single-antenna users for one-sided decompositioncave
The maximum DoF/user that can be achieved in a networkaiernately also consider decomposing the multi-anten8a. B



It can however be shown that the achievable DoF remains

unchanged. Designing the achievable scheme is similgr]to [9

where separation between signal and interference is ncefong [_ + 1}
q p

Z iji SG—max(pN qM)
implicitly assured.

K K
pq
K

HMQ

[

i=1 j=1

B. Outer Bounds on the DoF of MIMO Cellular Networks

We derive a new set of outer bounds on the DoF of MIMO
cellular networks that are based on a resulfiin [6], where &IM
X-networks withA transmitters and3 receivers are considered. Thus, the total DoF in the network is bounded %«m
By focusing on the set of messages originating from or 'md”dHence DoF/usex Np wheneverp/q € O. The outer bound

for a transmitter-receiver pair and splitting the total sages in |s established in a S|m|Iar manner Wh%\ > 2 Note that
the network intoAB sets, the authors inl[6] derive a bound o Whenever _p Np _ Mg MN -

the DoF of this set of messages. Lettidg; represent the DoF ¢'Kptq ~ Kp+tq  KM+N"
between theith transmitter and thgth receiver, the following |, [24], outer bounds on the DoF for MIMO cellular network
lemma presents the outer bound obtained in this manner.  4re derived which are also based on the idea of creatingpeulti

Lemma 3.1 ([6]) In a wirelessX -network withA transmitters Message set§1[6]. The DoF/user of@, K, M, N') network is
and B receivers, the DoF of all messages originating at tle Shown to be bounded by

GK
Z idi _Ki max(pN,¢qM) = pN. (7)

HMQ

transmitter and the DoF of all the messages intended fobthe . N max[KM,(G—1)N] max[N,(G—1)M]
receiver are bounded by DoF/user< min (M, K'~ K+G-1 ' K+C-1 )
(8)
Z dai + Z djp — dap < max(M,N), (4)  While it is difficult to compare this set of bounds and the basin

in Theorem 3.2 over all parameter values, we can show that
where M is the number of antennas at tlah transmitter and under certain settings the bounds obtained in Thedrein &2 ar
N is the number of antennas at thé receiver. By symmetry, tighter. For example, sincg/q € Q, let us fixp/q = 1/K,
this bound also holds when the direction of communication &d then set\//N = p/q = 1/K. Further, let us assume that
reversed. (G — 1) < K. Under such conditiond](8) bounds the DoF/user
bc% 71— while Theoreni 312 states that DoF/usery. Since
we have assumed > G — 1, it is easy to see that the latter
bound is tighter.

Before we proceed to establish outer bounds on the DoF
a MIMO cellular network, we define the s€ as

_JP. _ _
Q= {q pe{l,2.,G-1}ee{l,2, (G p)K}}' C. Optimality of the DoF Achieved Using Decomposition

(5) . . . .
. Using the results in sectiods TIIA arld 1I}B, we establish
The following theorem presents an outer bound on the DoF. conditions for the optimality of one-sided and two-sidedale-
Theorem 3.2 Ifa (G, K, M, N) network satisfied//N < p/q, position of MIMO cellular networks in the following theorem

for somep/q € Q, then Np/(Kp + ¢) is an outer bound on .
the DoF/user of that network. Further, M /N > p/q, for some Theoj{?m 3.3 The opt|mal DoF for anyG, K, M, N') network
with 52 € Q is KM+N DoF/user. The optimal DoF is achieved

p/gq € Q, thenMg/(Kp+q) is an outer bound on the DoF/userby either one-sided or two-sided decomposition with asgtitpt

of that network. . .
interference alignment.
Proof: To prove this theorem, we first note that a cellular _ . . .
network can be regarded as arnetwork with some messages Th'E resulttl;]olltotwh_s |mme|?|_ately flrom Thforti@'llt 312:1
set to zero. Further, Lemnia B.1 is applicable even when sopjg ©PS€rve that this result IS analogous to the resu S1h [
Where it is shown that thé&'-user interference channel has

messa es are set to zero. Now, suppgse< £ for some
g Ppas w DoF/user whenevey = m‘”‘(M N is an integer and~ >

E ¢ Q, then consider a set gfcells and allow the set of BSs in M .

t[hesep cells to cooperate fully. LeB denote the set of indices " lt s egsfy to tsr?e tgat thtﬁ resultsb [th]télﬁzl[li] cadnlbt::'. easily

corresponding to the chosen cells. From the remainidgj— p recovered from the above theorem by setling= 1 and leting
epresent the number of users in the interference channel.

cells, we pickg users and denote the set of indices correspondﬁg_rhe result in Theorerid.3 has important consequences for

to these users dg; and allow them to cooperate fully. ; - )
Applying Lemma 311 to the set of B33 and the set of users cellular networks with single-antenna users. The follagyvin
corollary describes the optimal DoF/user of any cellulawoek

Ug, we get L .
with single antenna users that satisfiés— 1)K > N.

K Corollary 3.1 The optimal DoF of a(G, K, M = 1,N) net-
S>> dii+ Y dgng <max(pN,gM).  (6) work with (G — 1)K > N, is -2 DoF/user.

B j=1 (g,h)€
i€B j g, h ug
For exan ple tl |S CorOIIary states that a three- Ce” nd(WOf

By summing over similar bounds for all tH{€) sets ofp BSS  haying four single-antenna users per cell and four anteabas
and the correspondln@(G qp ) sets ofq users for each set of each BS had /2 DoF/user. Using this corollary and the DoF
p BSs, we obtain achieved using zero-forcing beamforming, the optimal D&F o



cellular networks with single-antenna users can be comlglet
characterized and is stated in the following theorem.

Theorem 3.4 The DoF of a G-cell cellular network with<
single-antenna users per cell amd antennas at each BS is
given by

i N<(G-1K :
DoFluser=¢ & (G-1)K<N<GK. (9 {
1 N > GK

The optimal DoF are achieved through zero-forcing beamform
ing whenN > (G — 1)K and through asymptotic interference
alignment whenV < (G — 1)K.

Another interesting consequence of Theofenh 3.3 for twb-cel
cellular networks is stated in the following corollary.

Corollary 3.2 For a (G = 2, K, M, N) cellular network with Fig. 2: Figure showing the 2-D Wyner model of a cellular netwo
wo cells are connected to each other if they mutually ietexf Cells

_ ﬂ . . . . .
]D{ E/ M tl.m]ev sharing across cells is optimal and the Optlma}-Lat are not directly connected to each other are assumedetms
OF/user 1S3z - interference from each other. Note that each user in a giednsees
Qterference from the four adjacent BSs.

Proof: Using Theoreri 313, the optimal DoF/user of this networ

is £-. Since theK-user MAC/BC with &£ = L has &
DoF/user, accounting for time sharing between the two cells
gives us the required result. O (a) Two distinct regimesDepending on the network parameters

G, K, M and N, there are two distinct regimes where decom-
This result recovers and generalizes a similar result obthi position based schemes outperform linear beamforming med v
in [20] for two-cell MISO cellular networks. This shows that ersa.
dense cellular networks whet€ = N/M, when two closely (p) Optimality of decomposition based schemes for large net-
located cells cause significant interference to each othen \orks: For large networks, the decomposition based approach is
simply time sharing between the two mutually interferingsBScapaple of achieving higher DoF than linear beamforming and
is a DoF-optimal way to manage interference in the networkthe range ofy over which the decomposition based approach
This result can be further extended to the 2-D Wyner modgbminates over linear beamforming increases with network
for MIMO cellular networks and is stated in the followingsize. The outer bounds on the DoF suggest that when the
corollary. decomposition based inner bound lies above the propereipapr

Corollary 3.3 Consider a two-dimensional square grid of Bsgoundary, the inner bound could well be optimal. Fiy. 3(e) is
with K users/cell, M antennas/user, an&/ antennas/BS, such Particularly illustrative of this observation.

that each BS interferes with the four neighboring BSs as shof) Importance of linear beamforming for small networlor

in Fig. . Whenk M = N, time sharing between adjacent cellsmall networks ( e.g. two-cell, two-users/cell; two-cehree-

so as to completely avoid interference is a DoF optimal stgt users/cell), the decomposition based inner bound lieswbelo
and achievesV/2K DoF/user. the proper-improper boundary, suggesting that linear theam

ing schemes can outperform decomposition based schemes. In
) ] Section[IV-A, we study the DoF of the two smallest cellular
D. Insights on the Optimal DoF of MIMO Cellular Networks peyyorks and design a linear beamforming strategy thataehi
When the achievable DoF using decomposition, the outd¥e optimal DoF of these two networks. In Sectiobn IV-C a
bounds on the DoF, and the proper-improper boundary ayeneral technique to design linear beamformers for anyleell
viewed together, an insightful (albeit incomplete) pietunf network is presented.
the optimal DoF of MIMO cellular networks emerges. Fig(d) Inadequacy of existing outer bound$he outer bounds
plots the normalized DoF/user (DoF/user/N) achieved Higted in Theoreni 312 are not exhaustive, i.e., in some cases
the decomposition based approach as a function of the raighter bounds are necessary to establish the optimal Diois. T
M/N () along with the outer bounds derived in Theorembservation is drawn from Fifl 3(b), where it is seen thatesom
B2 for a set of two-cell networks with different numbepart of the outer bound lies above both the proper-improper
of users/cell. We also plot the proper-improper boundabpundary and the decomposition based inner bound suggestin
(M + N s (GK + 1)d) that acts as an upper bound on théhat tighter outer bounds may be possible. In Sediion V-8, w
DoF that can be achieved using linear beamforming (impropadeed derive a tighter outer bound for specific two-cele#ar
systems are almost surely infeasible). Although Elg. 3 iclers  users/cell networks.
a set of two-cell networks, several important insights onegal Motivated by the above observations, we now turn to linear
MIMO cellular networks can be inferred and are listed belowbeamforming schemes for MIMO cellular networks in the next
section.
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Fig. 3: The proper-improper boundary (red), decompositiorer bound (blue), and the DoF outer bounds (green) for afswsto-cell networks
with different number of users per cell. Note the increasiogninance of the decomposition based inner bound as theoriesize increases.

IV. LINEAR BEAMFORMING: STRUCTURED AND and whenever the channels are genéric [14]. As a furthereeons
UNSTRUCTUREDDESIGN guence of channels being generic, satisfyind (10) is etprivéo
) ) _the condition that the set of uplink transmit beamformiévs; }
Consider a(G, K, M, N) network with the goal of serving j5 g,ch that there are at leasinterference-free dimensions at
each user withl data streams to each user. Usiby (3), Whethch receiver before any linear processing. In essencerigen
no symbol extensions are allowed, the linear beamfor&ys .pannels ensure that at each BS, the intersection between us
and U;; need t_o satisfy the following two conditions for Ilnearfu| signal subspace (spailf; ;V;1, His i Vio, . . ., Hire s Vix])
interference alignment [14]: and interference subspace (spap)j) is almost surely zero
dimensional, provided that the raf;) < (V — Kd) Vi. Thus
the requirements for interference alignment can be altelypa

rank(U[ H;;:Vi;) = d v (i, ). (11) .
rank(R;) < N — Kd V 1, (12)
For a given system, it is not always possible to satisfy the rank(V;;) = d V j,1. (13)

conditions in[[ID) and(11) and a preliminary check on faisib
is to make sure that the given system is propei [14]] [19]. Ashe rank constraint if_(12) essentially requires the— 1) Kd
mentioned earlier, 4G, K, M, N') network with d DoF/user is column vectors ofR; to satisfyL = GKd — N distinct linear
said to be proper it/ + N > (GK+1)d and improper otherwise vector equations. Given a set of transmit precod@rs; } that
[19]. While not all proper systems are feasible, impropsteys satisfy the above conditions, designing the receive fiitethen
have been shown to be almost surely infeasible [15]] [16traightforward.
For proper-feasible systems, solving the system of bitinea This alternate perspective on interference alignmentdend
equations[(T0) typically requires the use of iterative gthms itself to counting arguments that account for the number of
such as those developed in [29][32]. In certain cases whelimensions at each BS occupied by signal or interferences@h
max M, N > GKd it is possible to solve the system of bilineacounting arguments in turn lead to the development of DoF-
equations by randomly choosing either the receive beangimmoptimal linear beamforming strategies such as the subspace
{U,;} or the transmit beamformefdv;;} and then solving the alignment chains for the 3-user interference charinél [13].
resulting linear system of equations. In this section, we consider two contrasting approaches to
Assuming the channels to be generic allows us to restate thesign DoF-optimal transmit beamformers that satisfy @)
conditions in [ID) and[{11) in a manner that is more usef(@3d). In Section IV-A, through a counting argument based on a
in developing DoF optimal linear beamforming schemes. &inaotion called packing ratios we we take a structured apfroac
direct channels do not play a role {[n{10), the conditior(ifi)(1 to constructing thel. distinct linear vector equations that need
is automatically satisfied whenev&f;; and V;; have rankd to be satisfied by the uplink transmit beamformers at each BS.



Such an approach is DoF-optimal for small networks sucheas #nd N antennas per BS is bounded above By, (M, N),
two-cell two-user/cell and the two-cell, three-user/ecadtworks i.e.,

but is difficult to generalize to larger networks. To overeothis DoF/user< D, (M, N). (18)
shortcoming, we develop an unstructured approach to degign

Iinear_beamformer_s by relying on random linear ve(_:tor eiguat Note that since this outer bound is linear in eitigror N,
to satisfy [I2). This bypasses the need for counting argtsnefis hond is invariant to spatial normalization and herge i

and is applicable to a wide class of cellular r_1etworks. DP®tai, 5o a bound on sDoE and not just DoF. The outer bounds for
on this unstructured approach are presented in Selcfion V-Cihe two-cell, two-user/cell case follows directly fromtest the

A. Structured Approach to Linear Beamforming Design bounds established in Sectibn TI-B (fdy4 < v < 3/2) or
through DoF bounds on the multiple-access/broadcast ehann

t('MAC/BC) obtained by letting the two cells cooperate (foK
works, namely the two-cell two-user/cell and the two-déliee- 1/4) and~ > 3/2). In the case of the two-cell, three-user/cell

user/cell networks, and establish a linear beamformirejesy network, the bounds when < 1/6 or v > 4/3 follow from

that achieves the optimal symmetric DoF. In particular, w§ : -
: . i F bound the MAC/BC obtained by letting the tw I
establish the spatially-normalized DoF of these two nekwor o bounds on e obrained by Jetting the o tells

. cooperate, while the bounds whep6 < v < 5/9 and3/4 <

for all Va'“?s of thg ratioy = M/N' _ . < 4/3 follow from the bounds established in SectionTlI-B.

we _begm by f'rSF restating the - definition of Sp""t'a”y'\Nhen5/9 <~ < 3/4, we derive a new set of genie-aided outer
normalized DoF as given iL[13] bounds on the DoF. Our approach to deriving these new bounds
Definition 4.1 Denoting the DoF/user of &, K, M, N) cellu- is similar to the approach taken in_[13] and the exact detils
lar network as DoFM, N), the spatially-normalized DoF/user this derivation are presented in Appenflik A.
is defined as The next theorem characterizes the sDoF/user of a two-cell,

DoF(¢M, gN) two-or-three-user/cell MIMO cellular network.

SDORM, N) = ook q : (14 Theorem 4.2 The spatially-normalized DoF of a 2-celk-

. . . user/cell cellular network withK € {2, 3}, havingM antennas
Analogous to frequency and time domain symbol extensions

the definition above allows us to permit extensions in spa(Pe(?r user andV antennas per BS is given by

i.e., adding antennas at the transmitters and receiverte whi sDoF/user= Dy (M, N). (19)
maintaining the ratioM /N to be a constant. Unlike time or
frequency extensions where the resulting channels arek bloc

dlc?dgqnal,l spatial ext(_err;]smlns kas_?ume generic Chanﬂels?gthouter bound presented in TheorEml4.1 is tight. The achibityabi
abt |§|on§t;tructﬁre. € e}{c ot any slt(ruct_l:rg m_f_t N g r"“part of the result in Theorem 4.2 is based on a linear beamform
:) alncle trr?UQ tspaclz(e exIensions makes it significan Leeaing strategy developed using the notion of packing ratios. W
0 analyze he network. elaborate further on this scheme in the next subsection.
Figs.[4 andb capture the main results presented in the above
1) Main Results theorems and plot sDoF/user normalized/®Byas a function of
. . o It can be seen in both the figures that, just as in the 3-user
We now present the main results concerning the sDoF of t 7 . -
; . Interference channel[13], there is an alternating behamithe
two cellular networks under consideration. o . .
. ) sDoF with eitherM or N being the bottleneck for a given
Let the functionf,, x)(-) be defined as ! .
’ The figures also plot the boundary separating proper sys-
Nw M 15 tems from improper systems. It is seen from the two fig-
Ko+1 Kw+1)/’ (15) ures that not all proper systems are feasible. For example,
+ +
N ] ) for the two-cell three-users/cell case, networks with €
wherew > 0 andK € Z. Further, define the functioP, 5)(-) {1/6,2/5,5/9,3/4,4/3} are the only ones on the proper-
to be improper boundary that are feasible.
D(2.9)(M, N) =min (N, KM, f(%72)(M’ N), fa2)(M, N)), For the two-cell two-users/cell net\_Nork, we can see from Fig
(16) @ that wheny € {1/4,2/3,3/2}, neither M nor N has any
redundant dimensions, and decreasing either of them affleet
and the functionD, 3)(-) to be sDoF. On the other hand, whed /N € {1/2,1}, both M and
. N have redundant dimensions, and some dimensions from either
Dio,3)(M, N) =min (N, KM, f(3,5(M, N), f3 5 (M, N), M or N can be sacrificed without losing any sDoF. For all other
fz.3(M,N), fa,3(M,N)). (17) cases, only one af or N is a bottleneck. Similar observations
(gém also be made for the 2-cell 3-users/cell network from Fig

In this section we consider two of simplest cellular ne

This result states that when spatial-extensions are atlpthe

f(w,K)(MaN) = max(

The following theorem characterizes an outer bound on
DoF/user of the two-cell two-user/cell network and the wedk

three-user/cell network. Figs.[4 and’b also plot the achievable DoF using the decom-

position based approach. Interestingly, the only casesenthe
Theorem 4.1 The DoF/user of a two-cell, K-user/cell MIMO decomposition based inner bound achieves the optimal sDoF
cellular network withK € {2, 3}, having M antennas per user is when bothA/ and N have redundant dimensions i.e.,c
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Fig. 4: The sDoF/user (normalized by) of a 2-cell, 3-user/cell MIMO cellular network as a functiof ~.

{1/2,1} in the case of the two-cell, two-user/cell network antb the ratioy (M /N). For example, it is easily seen that when
when~ € {1/3,1/2,2/3,1} in the case of the two-cell, three-y < % it is not possible to construct beamformers having a
user/cell network. packing ratio of3: 1. Further even when beamformers satisfying
a certain packing ratio exist, there may not be sufficierg sét
them to completely use all the available dimensions at a BS.

. _ . In such a scenario, we need to consider designing beamfsrmer
We now present the linear transmit beamforming strategy thgith the next best packing ratio.

achieves the optimal sDoF of the two networks under consid-
eration. We consider achievability only in the uplink as ldya
of interference alignment through linear beamforming eesu
achievability in the downlink as well. We start by introdogia

new notion called thgacking ratioto describe a collection of
transmit beamforming vectors.

2) Achievability of the Optimal sDoF: Packing Ratios

Using the notion of packing ratios, we now describe the
achievability of the optimal sDoF of the two-cell three-tsgeell
cellular network. We first define the s = {1:0, 3:1, 2:

1, 3:2, 1:1} to be the set of fundamental packing ratios for
the two-cell, three-users/cell cellular network. For aiyeg -,

our strategy is to first construct the sets of beamformers tha
Definition 4.2 Consider the uplink of a two-cell network anchave the highest possible packing ratio from the Bet. If

let S be a collection of transmit beamformers used by usegsich beamformers do not completely utilize all the avadabl
belonging to the same cell. If the number of dimensions dedupdimensions at the two BSs, we further construct beamformers
by the signals transmitted using this set of beamformerdat thaving the next best packing ratiofys until all the dimensions
interfering BS is denoted by, then the packing ratig) of this  at the two BSs are either occupied by signal or interferefiois.

set of beamformers is given | :d. is illustrated in the following.

As an example, consider a two-cell, three-users/cell lzgllu  Consider the case/3 < v < 3/4 as an example. Note that
network with 2 antennas at each user and 3 antennas at eachdd®e M < N, no transmit zero-forcing is possible. Further,
Suppose we design two beamformerandw for two different note that each user can access omlyof the N dimensions
users in the same cell so thHk; »v = Hi2 2w, then the set at the interfering BS. Since we assumed all channels to be
of vectorsS = {v,w} is said to have a packing ratio @f. 1. generic, and2M > N, the subspaces accessible to any two
As another example, for the same network, consider the casers overlap iR M — N dimensions. Thi2 M — N dimensional
when M > N. Since users can now zero-force all antennas space overlaps with thé/ dimensions accessible to the third
the interfering BS, we can have a s&tof beamformers with userin3M —2N dimensions. Note that such a space exists as we
packing ratio|S] : 0. have assumed/3 < ~. Thus, we can construétM — 2N sets

When designing beamformers for the two-cell network, it isf three beamformers (one for each user) that occupy just one
clear that choosing sets of beamformers having a high pgckiimension at the interfering BS and thus have a packing cdtio
ratio is desirable as this reduces the number of dimensidhd. Assuming that the same strategy is adopted for users in both
occupied by interference at the interfering BS. The existesf cells, at any BS, signal vectors occupy a totaBGM — 2N)
beamformers satisfying a certain packing ratio is closelgted dimensions while interference occupi@d/ — 2N dimensions.
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TABLE I: The sets of beamformers and their correspondindkipacratios used to prove achievability of the optimal sDdRhe two-cell
two-user/cell network for different values of

~ (M/N) Set of beamformers D-OF/COefII (No.

Packing ratio| No. of sets| Packing ratio| No. of sets 5|g[r)1(§1r|-(\:/g|(|;;(ors
0<v<j 1:1 oM - - Y
i<7<3 1:1 N - - m
l<y<? 2:1 oM — N 11 o Y
2<qy<1 2:1 oM — N - " w
l<y<3 1:0 2(M — N) 2:1 BN_2u 2
<y 1:0 N _ ~ N

Thus a total of4(3M — 2N) dimensions are occupied by signalve see that signal and interference spanMlidimensions at
and interference. Sinc§3M —2N) < N wheneverlM < 3N, each of the two BSs. Through this process, each BS receives
we see that such vectors do not completely utilize all Me 3(3M —2N)+2(3N —4M) signaling vectors while interfering
dimensions at a BS. signals occupy(3M —2N) + (3N — 4M) dimensions. We have
thus shown tha3(3M —2N)+2(3N —4M) = M DoF/cell are

In 0“?'?" to utilize the remaining N — 120M dlmen5|orjs, achievable. To ensure that /3 DoF/user are achieved, we can
we additionally construct beamformers with the next highes

packing ratio £:1). Let M’ — M — (3M — 2N) = 2N — 2M either cycle through different pairs of users when designire
. . . second set of beamformers, or we can simply X —4M1)/3
denote the unused dimensions at each user. At the integfB8n . ) :
: , . . ets of beamformers for every possible pair of users in alcell
each pair of users h&s\/’ — N dimensions that can be accesse N — 4)M)/3 is not an integer, we simply scalé and M b
by both users. Note that sin@d/’ — N = 2(2N —2M)— N = ger, Py y

. . a factor of 3 to make it an integer. We can afford the flexipilit
3N —4M > 0, such an overlap exists almost surely. For a fixe -
: . to scaleM and N because we are only characterizing the sDoF
pair of users in each cell, we choog&V — 4M) sets of two

beamformers (one for each user in the pair) whose intertf;ererﬁ)f the network.

aligns onto a single dimension, so that each set has a packings another example, consider the two-cell, three-usdfs/ce
ratio of 2 : 1. After choosing beamformers in this mannemetwork with3/4 < v < 1. When3/4 < ~ < 1, all three



TABLE IlI: The sets of beamformers and their correspondingkpay ratios used to prove achievability of the optimal sDifRhe two-cell
three-user/cell network for different values of

Set of beamformers DoF/cell (No. of
v X X - - signal-vectors
Packing ratio| No. of sets | Packing ratio| No. of sets per cell)

0<y<p 1:1 3M - - 3M
1 1 . N N
6753 1:1 2 - - 2
T<y<t 3:2 3M — N 1:1 EN-_15M 3
2 1 . N 3N
573 3:2 5 - - 5
5<v<3 2:1 3(2M — N) 3:2 10N _18M s
5 2 . N 2N
9S7=3 2:1 3 - - El
2ay< 3:1 3M — 2N 2:1 3N —4M M
3 . N 3N
l<y<3} 1:0 3(M —N) 3:1 N -3 M
3 <~ 1:0 N - - N

users of a cell can access3d/ — 2N dimensional space at having a packing ratio of : 1 (random beamforming) to fill any
the interfering BS, thugsM — 2N sets of three beamformersunused dimensions at the two BSs. Whef2 < v < 2/3 we
having a packing ratio oB : 1 are possible. Note thag : 1 first design as many sets of beamformers having packing2atio

is still the highest possible packing ratio. If users in bo#fls 1 as possible and then use beamformers having a packing fatio o
were to use such beamformers, signal and interference fuo s3 : 2. Wheny < 1/3, it is easy to see that interference alignment
beamformers can occupy at md$8M —2N) > N dimensions is not feasible and that a random beamforming strategy ssffic
at any BS. Thus, whei/4 < v < 1, we have sufficient sets Finally, wheny > 1, we first design beamformers that zero-force
of beamformers with packing rati® : 1 to use all available the interfering BS (packing ratid : 0), then use beamformers
dimensions at the BSs. Choosiig/4 such sets provides ushaving a packing ratio of : 1 to fill any remaining dimensions
with 3N/4 DoF/cell. at each BS.

Such an approach to designing the linear beamformers profor the two-cell two-user/cell network we define theBet =
vides insight on why the optimal sDoF alternates betwedi:0, 2:1, 2:1, 1:1} to be the set of fundamental packing
M and N. When ~ is such that there are sufficient sets ofatios. Wheny > 1, we first design beamformers that zero-force
beamformers having the highest possible packing ratis, ihé the interfering BS (packing ratid : 0), then if necessary, use
number of dimensions at the BSs that proves to be a bottlendeamformers having a packing ratiodf 1 to fill any remaining
and the DoF bound becomes dependentddnOn the other dimensions at each BS. Whep2 < v < 1, the highest possible
hand, when there are not enough sets of beamformers hayiagking ratio is2 : 1, hence we first design beamformers having
the highest possible packing ratio, we are forced to desigacking ratio2 : 1 to occupy as many dimensions as possible at
beamformers with a lower packing ratio so as to use all availa the two BSs, then if there are unused dimensions at the twp BSs
dimensions at the two BSs. Since for a fixad the number we use random beamformers (packing rdtiol) to occupy the
of sets of beamformers having the highest packing ratio isr@amaining dimensions. When < 1/2, interference alignment
function of M, the bottleneck now shifts td/. We thus see is not feasible and simple random beamforming achieves the
that for a large but fixedV, as we gradually increask®/, we optimal DoF.
cycle through two stages—the first stage where beamformersn Tabled] andl, we summarize the strategies used forrdiffe
with a higher packing ratio become feasible but are limited &nt intervals ofy, and list the number of sets of beamformers of
a small number, then gradually, the second stage where themertain packing ratio required to achieve the optimal DioR@
are sufficiently many such beamformers. A$ is increased with the DoF achieved per cell. Note that fractional numbler o
even further, we go back to the scenario where the next higlsets can always be made into integers as we allow for spatial
packing ratio becomes feasible however with only limitetdafe extensions. We discuss finer details on constructing beaneis
beamformers, and so on. using packing ratios in Appendix] B.

The design strategy described for the cagg < v < 1 is ) . .
also applicable to other intervals of as well as the two-cell B- EXxténding packing ratios to larger networks
two-users/cell network. For the two-cell three-user/oeliwork, It is possible to extend the notion of packing ratios to darta
when1/3 <~ < 1/2, we design as many sets of beamformetarger networks. For e.g., the following theorem estakelisthe
having packing ratid : 2 as possible, then use beamformersptimal sDoF of two-cell networks with more than three users



per cell for certain values of. As an example, for th€3,2,3,4) network with d = 1,
the linear matrix equatioMv = 0 is given by [21). It is
known that for the above example, interference alignment is
feasible. In other words, it is known that there exists a det o
coefficients{aj,,,, ;} such that the system of equations[inl(21)

Theorem 4.3 The optimal sDoF/user of a three-cellk-
user/cell MIMO cellular network with/ antennas per user and
N antennas per BS whene (0, <] is given by

DoF/user< min (M, max (& M) V) has a non-trivial solution. Note that the matf in this case
N 22 ekl is a24 x 18 matrix (system of 24 equations with 18 unknowns),

and wheny > KLH the optimal sDoF/user are given by and that a random choice of coefficienta], , ;} results in
) N M N a matrix M having full column rank, rendering the system of

DoF/user< min (max (7, #47): %)- equations infeasible. Determining the right set of coesdfits is

non-trivial and highlights a particular difficulty in findjreligned
beamformers using the set of system of equations charzeteri

The proof of this theorem follows directly from the outeby Mv = 0[f
bounds established in Section I1-B and designing beaméosm  Now, suppose we append an additional antenna to each
using the notion of packing ratios. BS, thereby creating 43,2,3,5) network and then consider

Extending the notion of packing ratios to any general catlul designing transmit beamformers to achieve 1 DoF/user,rit ca
network requires us to first identify the set of fundament@le shown that the transmit beamformers now need to satisfy a
packing ratios that play a crucial role in identifying thesbe system of equations of the foriviv = 0, whereM is a12 x 18
set of beamformers that can be designed for any given systenatrix. It is easy to see that even a random choice of codffisie
Identifying these fundamental packing ratios requires et permits non-trivial solutions to this system of equatiobe
standing of how multiple subspaces in a large network nétwagbility to choose a random set of coefficients is quite sigaift
interact and enable interference alignment. In the absehee as instead of solving a set of bilinear polynomial equatifams
coherent theory characterizing such interactions, thizgs to interference alignment, we now only need to solve a set eflin
be a major bottleneck in extending packing ratios to genegjuations. We thus have two networks, namely, the, 3, 4)
cellular networks. network and the(3, 2, 3,5) network that significantly differ in
how aligned beamformers can be computed. This points to a
much broader divide among MIMO cellular networks.

In this section, we focus on an approach to design linearwhile aligned beamformers satisfy the system of equations
beamformers without having to explicitly infer the undémly Mv = 0 for a set of coefficients, not all solutions Mv = 0
structure of interference alignment. We call this the wredtired  with a fixed set of coefficients form aligned beamformers. A
approach (USAP) to designing linear beamformers for ieterf vector v satisfyingM+v = 0, can be considered to constitute a
ence alignment and discuss the scope and limitations of @nchset of aligned beamformers provided (a) the set of beamfiarme
approach. corresponding to a user are linearly independent, Vg, is full

Consider a(G, K, M, N) cellular network with the goal of rank Vi, j; (b) the signal received from a user at the intended
achievingd DoF/user without any symbol extensions. In th&S is full rank i.e.,H;;;V;; is full rank; and (c) signal and
uplink, note that each BS observ@sd streams of transmissioninterference are separable at each BS. Since we assumécgener
of which (G — 1)Kd streams constitute interference. Settinghannel coefficients and since direct channels are not used i
aside Kd dimensions at each BS for the received signals froforming the matrixM, (c) is satisfied almost surely, while (b)
the in-cell users, théG — 1)K d interfering data streams mustis true under the assumption of generic channel coefficients
occupy no more thaiV — K d dimensions at each BS. Assumingprovided (a) is true.

(G —1)Kd> N — Kd (no interference alignment is necessary SinceM is aG LN x G K Md matrix, whenevel, N < K Md
otherwise), we require thé — 1) Kd transmit beamformers of the system of equatiorisIv = 0 permits a non-trivial solution
the interfering signals to satisty K'd — N (= L) distinct linear for any random choice of coefficients. WhdhW < K Md,
equations. In other words, for théh BS, we require a solution to the equatioMv = 0 can be expressed as =
det( MM )(I- M (MMH)~IM)r, wherer isaGKMd x 1

C. Unstructured Approach to Linear Beamforming Design

G K d vector with randomly chosen entries. Fotto qualify as a solu-
Z Z Z & i H im0y Virn = 0, (20) tion for interference alignment, we need to ensure that tiond
I1=1,1#i m=1n=1 (a) is satisfied, i.e., we need to ensure that the set of tidansm

. . . . __beamformersv;;1, v;o...v;;q Obtained fromv are linearly
13 - 171 %] 1]
whereaqy, . ; refers to the coefficient associated with the 'nte‘independent for any € {1,2,....G}, j € {1,2,...,K}.

fering tra_msmn bgamformarlmn in the pth Imear equation cor- Letting V;; be thel x d matrix formed usingi;1, vz - . . ¥sa,
responding to théth BS. Thus, we havé&/L linear vector equa-
tions, each involving a set ¢f7 — 1) K'd transmit beamforming | _ —— _

. . . Another classic example in this context is the three-uderference channel
yectors._ Concatenating the transmit beamform'ng Veotprs, with two antennas at each node, where it is known that 1 DoFrgumiver is
into a single vectonv = [V1117 V112, -+ Vilds-- - ,VGKd] and achievable[[4]. The matriM in this case is & x 6 matrix with no non-trivial
by appropriately defining the matri¥, the GL linear vector solutions toMv = 0 unless the coefficients are chosen carefully. The set of

. . aligned transmit beamformers in this case are the eigerongeof an effective
equations can be expressed as the matrix eun@n: 0. channel matrix, with the coefficients being related to thgeeivalues of this
Note thatM is aGLN x GK Md matrix. effective channel matrix.
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checking for linear independence is equivalent to checkitie M < GKd g, gcd M, N,d) = 1 and (G,K,M,N) form a
determinant of the matriWij R;;], whereR,;; isa(M —d)xd proper system. For such a setdf, N andd, we generate an
matrix of random entries, is non-zero or not. instance of generic channel matrices and proceed to catry ou
Since the determinant O[fVij R,,] is a polynomial in the the two step proc_edure outlined_earlier. Such a procedwsaids
variablesR.;, r, the coefficients{a” .} and the channel to be successful if the polynomial test returns a non-zehoeva

: : MGG d ful otherwise. If ful ludestien
matrices {H;,,, )}, checking for linear independence of théNd UNSUCCESSIUI OINErwiSe. It successiul, we conclude

transmit beamformers is equivalent to checking if this poly® Procedure can be reliably used to design transmit bearefsrm
nomial is the zero-polynomial or not. This problem is knowfPr almost all channel instances of the, K, M, N, d) network

as polynomial identity testing (PIT) and is well studied iinder can|derat|on: When unsuccessful, we conclgde thiat w
complexity theory[[33]. While a general deterministic aigam @ Very high pro_bab|I|ty such a procedure does not yle_Id afketo
to solve this problem is not known, a randomized algorith@igned transmit beamformers for almost all channel instan
based on the Schwartz-Zippel lemmal[34],][35] is known and While we considered designing transmit beamformers in the
involves evaluating this polynomial at a random instancRgf, UPlink (USAP-uplink) using random linear vector equatione

r, {a? 1 and{H,,}. If the value of the polynomial at this can alternately consider designing transmit beamfornrethe

Imn,i . . .
point is non-zero, then this polynomial is determined to be ndownlink (USAP-downlink) using the same process. For the

identical to the zero-polynomial. Further, it can be codeld (G, K, M, N, d) network, it can be shown that# K (GKd —

that this polynomial evaluates to a non-zero value for atratis /)M < GKdN is a necessary condition for the linear system
values ofR,;, r, {a? .}, and{H,, }. If on the other hand of equations obtained in USAP-downlink to have a non-ttivia

the polynomial evaluates to the zero, the polynomial is ated solution. While there are no significant differences betwee
to be identical to the zero-polynomial and this statemetitie USAP-uplink and USAP-downlink for the interference channe

with a very high probability as a consequence of the Schwarl?* = 1), & major difference emerges for cellular networks
Zippel lemma. where K > 1. For cellular networks, when designing transmit
beamformers in the downlink, direct channels get involvethe
Thus, wheneverLN < KMd, we propose a two step

o . . . linear system of equations and as a result, a solution tariberl
approach to deggnmg aligned bgamformers: We first p'.tha ?stem is no longer guaranteed to satisfy conditions (b) and
of random coc_afﬁments, form the linear equations to be Sedis ¢) even when channel coefficients are generic. In this &spe
by the transmit beamformers and then compute a set of trans

b ’ b ina th ‘ i i \Wa t AP-uplink has a significant advantage over USAP-downlink
eamiormers Dy solving the System ot linear equations. hfor cellular networks. In addition, for cellular networkihe

perform a numerical test to ensure that the transmit beanefs necessary conditioft K (GK d—M)M < GKdN places further
are indeed Imegrly independent. If the ”a”S”,“t be"°‘mf(mBmerestrictions on the applicability of USAP-downlink in thertext
pass the numerical test then they can be considered to be ?%chieving the optimal DoF

of aligned transmit beamformers. Further, if such a prooedu We discuss the scope and limitations of USAP-uplink and

works for a (G, K, M, N) network with d DoF/user for a USAP-downlink in the next section. For better clarity, weggnt

part||(cula|1r generic Ichfannelzll real|z_at|orr11, theln Sul(_:h a pmj“?d our observations for the interference chanf®l = 1) and the
works almost surely for all generic channel realizationd cellular network separatelyk’ > 1).

network. This observation allows us to construct a numerica

experiment to verify the limits of using such an approach.
. . . . 1) Unstructured Approach for the MIMO Interference Channel
The numerical experiment we perform is outlined as follows:

We consider a network with cells and K users. For this /N Fig.[8 we sketch some well known bounds on the normalized
network, we consider all possible pairs bf and N such that SDOF/user (sDoF/use¥)) as a function ofy € (0, 1] for the
M < M,uu.N < N,.. WhereM,,,. and N,,,, are some G-user (G > 3) interference channel. By symmetry, it suffices

fixed positive integers. For a fixetl and N, we then consider t© Only considery < 1. Except for the three-user interference
the feasibility of constructing aligned beamformers usthg channel, the proper-improper boundary and decompositiead

method described above in order to achievBoF/user where SWhen M > G K d, random transmit beamforming in the downlink achieves

d is such thatL > (B, LN < KMd, d < M, Kd < N, the necessary DoF.
4Spatial scale invariance states that df DoF/user are feasible for a
(G, K, M, N) network, thensd DoF/user are feasible in &G, K, sM,sN)
network wheres € Z% denotes the scale factor. While no proof of such a
2When L < 0, random transmit beamforming in the uplink achieves thstatement is available, no contradictions to this staténegist to the best of
necessary DoF. our knowledge.
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inner bound intersect at a poinf; < 1 and this point is the three-user interference channel with valuedffN, andd
conjectured to split the optimal sDoF characterizatioro iat such that M /N, d/N) falls in region |, with N,j,0 = Nipax =
piecewise-linear region and a smooth region characteliyede 75. The results of this experiment are shown in [ig. 7, where
decomposition based inner bound [8],][36]. A simple DoF liburwe observe that a clear piecewise-linear boundary emerges
obtained by letting all the BSs or usérsooperate (denoted asbetween the successful and unsuccessful trials on the qolah
MAC/BC DoF bound) is also plotted along with the maximuntest. This boundary matches with the piecewise-linear \ieha
achievable sDoF using random transmit beamforming in tlietailed in [13], suggesting that such an approach is capabl
uplink. We also plot the curves characterizing the necgssaif achieving the optimal sDoF of the three-user interfeeenc
conditions for USAP-uplink and USAP-downlink to be applichannel. We also observe that the boundary characterizing
cable. It can be shown that these two conditions, the prop#re necessary conditions for USAP-uplink has no particular
improper boundary and decomposition inner bound all ietrs significance and the success or failure of the proposed metho

atv, = (G-1)—/(G-1)>—4 is completely determined by the polynomial identity test.
5 .

We first narrow our focus to region | (shaded blue) in A similar piecewise linear boundary also emerges in the
Fig. [, where the optimal sDoF is conjectured to exhibit @ase of the four-user interference channel as seen in(JFig 8
piecewise-linear behavior. In the case of 3-user inteniege for v € (0, ). These results are in-line with the results
channel, the point of intersectiof is equal 1, and a com-on the optimal sDoF of this network as established[in| [27].
plete characterization of this piecewise-linear behafwsrall Further, in contradiction to the conjecture in [8] statirigatt
~v € (0, 1] is provided in [13]. Since region | lies below thewhen v > 3/8, the decomposition based approach achieves
necessary condition for USAP-uplink/USAP-downlink, USAPthe optimal DoF, we see from Fif] 8 that the piecewise-linear
uplink/USAP-downlink is applicable for any/, NV, d) such that behavior extends further, all the way up4n As an example,
(M/N,d/N) falls in this region. Since the optimal sDoF of thenumerical experiments show that thg 1, 11,29) network has
three-user interference channel are known, we test theesabp 8 DoF/user, and it is easy to see that this system lies strictl
USAP-uplink for this channel and compare with the availablbove the decomposition based inner bound. In fact, this is a
results. feasible system lying right on the proper-improper bougdar

We carry out the numerical experiment described earlier forTaking these observations into consideration, we conjectu

that for anyG-user interference channel, whenevee (0, ],
5To be consistent with the previous sections, we refer to soglith N y ve ( ’%]

antennas as BSs and nodes withantennas as users and use the usual notioﬁ@e_ optimal SD_OF e_Xhlblt_S a p|eceW|Se'|m_ear behavior arel t
of uplink and downlink. optimal sDoF in this regime can be achieved by constructing
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Fig. 7: Results of the numerical experiment outlined in BedlV-C| for the three-user interference channel. Obsenet & clear piecewise-linear
boundary emerges between the successful and unsuccessfuilof the proposed method. The observed boundary matefiesthe result in

[13].

linear beamformers using the proposed method. observations suggest that except when the DoF deniatated

Next, we shift focus to region Il (shaded yellow) in FigPn @(G.1, M, N) network is such thatM/N,d/N) is sand-
B. This region lies entirely below the decomposition base¥ched between the necessary condition for USAP-uplink and
inner bound and does not impact the characterization of ti¢ Proper-improper boundary and> -, iterative algorithms
optimal sDoF. Also note that this region lies below the proped’® not necessary and that the aligned beamformers can be
improper boundary and the necessary condition for USABOMputed by simply solving a system of linear equations.
uplink, thus making USAP-uplink applicable in this region. It can be_shown that IUSAP—downImk also exhibits a similar
This region is bounded below by the maximum DoF that cd}{€Ccewise linear behavior whenever < ;. When~y > -,

be trivially achieved using random transmit beamforming ifince the necessary condition for USAP-uplink lies abowe th
the uplink. It is of interest to know if USAP-uplink can ben€écessary condition for USAP-downlink, the set of systemas t

used to construct aligned beamformers df, N, d) such that €an take advantage of the proposed method remains unchanged

(M/N,d/N) falls in this region. We carry out the numerical
experiment outlined earlier on the four-user interferecitannel 2) USAP-uplink for MIMO Cellular Networks
forvz_;tlues of (M ,N,d) such that th€ M /N, d/N) falls in region_ Fig. 10 is a sketch analogous to FIg. 6 and applies to any
I, with Nynay = Nimax = 75. The results are presented iny Mo cellular network, with the exception of the two-cell,
Fig.[3, where it is seen that the necessary condition for USAR,_yser/cell and the two-cell, three-user/cell networkiste
uplink, LN < K'Md, completely determines the success of th@at  is no longer restricted td0, 1]. While the necessary
proposed method, with the subsequent numerical test @dvin -,ndition for USAP-uplink, the proper-improper boundanda
be redundant. It is also significant to note that these ebuilg 1o gecomposition based inner bound all intersect at thee sam
to light a computational boundary that divides systems foicW .5 points~; and ,, the same is not true for the necessary
computing transmit beamformers for interference alignimen cqngition of USAP-downlink. Extending the insights gained
easy (requires solving a system of linear equations; no Wor$g@,m the interference channel, the optimal sDoF of a general
than O((GK Md)*)) in complexity) and systems that requirg.e|jyjar network is expected to have a piecewise-lineaaiiein
techniques of hlgher complexn_y such as iterative algarih regions | & < ) and Il (v > ~,) (see Fig.ID), with
[29]-{32] to design such transmit beamformers. the decomposition based inner bound characterizing thenapt
So far, except for networks where the underlying structui2oF whenevery; < v < ~,.
for interference alignment is known (the three-user imtienice ~ Focusing on regions | and lll, we note that USAP-uplink is
channel etc.), solving for aligned beamformers of a giveapplicable to all points in these two regions. To gain insig
network meant solving a system of bilinear equations thinoughe scope of this technique for cellular networks, we penftire
computationally intensive iterative algorithms that caame- numerical experiment outlined earlier for the 2-cell 4+ssl
times take several thousand iterations to convergé [37}. Ouetwork. For this network, the proper-improper boundany te
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decomposition based inner bound touch each other=atl /2, K Md also ensures the success of the polynomial test.
i.e., v =7 = 1/2, with the decomposition based inner bound A major difference between interference channels andleellu
lying entirely below the proper-improper boundary. Theutss networks arises with respect to the scope and limitations of
of the numerical experiment are plotted in Higl 12 and it isyeaUSAP-downlink. It is clear from Fig. 10 that due to the natafe
to see that a clear piecewise linear boundary emerges hetwde necessary condition associated with USAP-downlinkyBS
the successful and unsuccessful trials, with the sucdessfu downlink cannot be used to establish the same piecewisarline
failure of the proposed method completely determined by thehavior in regions | and Ill, as observed with USAP-uplink.
polynomial identity test. This boundary matches with thei-op Further, as stated earlier, since direct channels get \iadol
mal sDoF of this network, as computed in [27]. in the linear system generated by USAP-downlink, verifying
These observations motivate us to extend our earlier cdhat a solution to the linear system also satisfies condition
jecture to cellular networks and state that for adycell K- interference alignment involves further checks such asirang
user/cell cellular network withG, K) ¢ {(2,2), (2,3)}, when the separability of signal and interference. Due to theasaes,
v € (0,7%] U [y,00) the optimal sDoF can be achieved bythe utility of USAP-downlink for cellular networks is quite
constructing linear beamformers using the proposed methtithited and offers no particular advantages over USAP#akpli
Further, the optimal sDoF in this regime exhibits a piecewis
linear behavior as also observed [n][27], where a structured V. CONCLUSION

approach to linear beamforming is used to establish thes#tse | thjs paper we investigate the DoF of MIMO cellular

unlike the a_pproach discuss_ed h_gre. o ~ networks. In particular we establish the achievable DoBubh
Observations on the applicability of USAP-uplink in regioRhe decomposition based approach and linear beamforming
I8 are similar to observations made in the context of the inte§chemes. Through a new set of outer bounds, we establish
ference channel. By running the numerical experiment or8theconditions for optimality of the decomposition based apgto
cell, two-user/cell network fofM, N, d) such tha{M/N,d/N)  Through these outer bounds it is apparent that the optimal
lies in region II, we note that the necessary conditioN < poF of a generalG-cell, K-users/cell network exhibits two
distinct regimes, one where decomposition based approach
Note that for cellular networks with > 4, the inner bound obtained dominates over linear beamforming and vice-versa. Witlamtg
through random transmit beamforming in the downli@&kx'd < M) and the {5 |inear beamforming, we develop a structured approach to
USAP-uplink's necessary conditiofLN < KMd) intersect at two points, l b f ing that is DoE-optimal i Il networks's
thereby splitting region Il into two separate parts. Thigsloot alter any of the 'lN€ar beéamiorming that Is Dok-optimal in small Networksfisu
observations made in this section. as the two-cell two-users/cell network and the two-cele#ar
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Fig. 9: Results of the numerical experiment outlined in BedlV-Cl for region Il of the four-user interference chann®bserve that the necessary
condition for USAP-uplink completely determines the swsscef failure of the proposed approach, making the polynbitémtity test redundant.

users/cell network. We also develop an unstructured apprma  here, we need to establish this result separately for uglitk
linear beamforming that is applicable to general MIMO deltu downlink. Similar to [13], we first perform an invertible Bar
networks and through numerical experiments, show that anchtransformation at the users and the base-stations. Tharline
approach is capable of achieving the optimal-sDoF for a wideansformation involves multiplication by a full rank miatrat
class of MIMO cellular networks. each user and BS. Let the x M transformation matrix at user
Although the structured design of linear beamformers takegi, j) be denoted a¥';; and theN x N transformation matrix at
disciplined approach to constructing beamformers, itiglezed BS: be denoted aR;. Using these transformations the effective
irrelevant by the wide applicability of the unstructurecpegach channel between usér, j) and BSi is given byR;H ;; 5T
and its ability to achieve the optimal sDoF in regimes whei®ubsequent to this transformation, we first consider thankpl
the optimal sDoF exhibits a piecewise-linear behavior. Theeenario and identify genie signals that enable the BSsdodie
remarkable effectiveness of the unstructured approactanisra all the messages in the network and set up a bound on the sum-
deeper investigation on the role of random coefficients Bigie rate of the network. Using the same transformation, we then
ing aligned beamformers. Further, the additional flexipiin identify genie signals to establish the bound in the dovinlin
choosing these coefficients opens up the potential to dragethWe start by considering the case whgfd < v < 2/3.
coefficients from continuous distributions that are opziaai to Throughout this section we use the relative indi¢eand
maximize some ancillary benefits such as better robustmmess twhen referring to the two cells and use the notatignto
channel uncertainity. denote thejth user inith cell. The vector random variables
With the unstructured approach providing a unified approacbrresponding to the transmit signaj received signaly and
to designing DoF-optimal beamformers, without the need talditive noisez are denoted aX, Y and Z, respectively.)V
customize the design to each network, we are one step clodenotes a uniform discrete random variable associatedtith
to a complete characterization of the DoF of MIMO cellulatransmitted message at a transmitter.
networks.

APPENDIX A 1) DoF Quter Bound Wheh/9 < v <2/3
DoF OUTER BOUND FORTWO-CELL THRE5E'USER513CELL We divide the set ofV antennas at B$ into three groups and
MIMO CELLULAR NETWORKWHEN § < < 7 denote them a&:, ib andic. The setsa andic contain the first

In this section we show that for the two-cell three-usetk/cand lastN — M antennas each while sét has the remaining
MIMO cellular network whenever% < ~v < 2, no more 2M — N antennas. Let thé/ antennas at user be denoted
than max (%, %) DoF/user are possible. Since there is nasijk wherek € {1,2,---,M}. Using a similar notation for
duality associated with the information theoretic proafgented BS antennas, leH;; ;,;,) represent the channel from usgr
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to the subset of BS antennas from thé antenna to the!” from its users. After decoding and subtracting these sgginam
antenna. the received signal, the resulting signals at the threenaate
We first focus on theV x M channel from useil to BSi. We Sets are given in Fig. 13 whetg, (-) represents a noisy linear
set the firstNV — M rows of R; to be orthogonal to the columnscombination of its arguments. Give$y, we can subtracky,
of H;; ;. SinceH ,; ;) spans onlyM of the N dimensions at BS from g;.(2i1(2a—n+1):i1ar, Zi2) @nd along Withx, ) 5,y
i, it is possible to choose such a set of vectors. Similareyrxt  from Si, we can decodev;; subject to noise distortion. After
2M — N and N — M rows of R; are chosen to be orthogonal todecodingw;;, and subtractings?; and x}, from the received
useri2 and usen3 respectively. Since all channels are assumédgnal,w;; can also be decoded subject to noise distortion. Since
to be generic, matriR; is guaranteed to be full rank almostBS ¢ can recover all the messages in the network giyerand
surely. S, subject to noise distortion, we have
On the user side, usei inverts the channel to the lagt/
antennas of BS, i.e., Ti1 = (H(1 jn_a114n)) ' While user  nRgum
i3 inverts the channel to the first/ antennas of BS, i.e., « "
Tis = (Hg1i190)) - We let T, = 1. The signal structure fI ({Wi; }: Y2, 81) + no(log p) + o(n)
resulting from such.a transfolrmatmn is shown in Figl 13. < Nnlogp+ h(X%, ?11:1‘1(21\4—N)|Y{1'l) +no(log p) + o(n)
a) DoF Bound in the UplinkLet w;; be the message from . -
userij to BSi. This message is mapped tdVén x 1 codeword < Nnlogp + nRiz + h(X{ 1.1 20— ny) + no(log p) + o(n)
xt, wheren is the length of the code. = We use the notation (22)
xj., t0 denote the transmitted signal on thth antenna over
the n time slots and the notatior;;,.;;, to denote the signal where (a) follows from Fano’s inequality, (b) follows from
transmitted by usei;j using antennag,p+1,...,q. We denote Lemma 3 in[[13] and (c) follows from the fact that conditiogin
the rate to usetj as R;;, the total sum-rate of the networkreduces entropy.
as Rsu,m and the collection of all messages in the network as Next, consider providing the set of signals, =
{wij }. {i%,i?l(?M_NH):ilM} to BS i. After subtractingx’y from
Now, consider providing the set of signals; = the received signal, the BS can recougs from observations at
{Xb, X} 12wy} 10 BSi. We usex™ to denotex” + z"  antenna seté andic subject to noise distortion. Subsequently,
wherez" is circular symmetric Gaussian noise that is artificiall8S ¢ can also recovet;; subject to noise distortion. Since BS
added to the transmitted signaf. Since we seek to establish; can recover all messages when provided with the genie signal
a converse, we assume that B8an decode all the messagesS,, using similar steps as before, we obtain
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from the received signay?,. Using the signal obtained after
subtractingx?,, xj; andxy. fromy}, and usingx;,) from S,

nBsum useril can now decode messages,, w;; andwj; subject to
< I ({Wi;};YF,S2) +no(log p) + o(n) noise distortion. Since uséi can decode all messages in the
< Nnlogp + h(X%, X?l(QMfNJrl):ilIL{lY{ﬁ) network giveny}; andS;, we have

+no(log p) + o(n)
< Nnlogp +nRiz + M(X{yon— v y1yinm (X @eam—ny) nRsum < I ({Wi;}; Y, 81) + no(logp) + o(n)

+no(log p) + o(n) < nMlogp+ nRi +nRiz + h(X2 Y, Wiz, Wis)
< Nnlogp+nR;3 +nRi — h(X?ll:il(QM—N)) +no(log p) + o(n)
+no(logp) + o(n) < nMlogp+nRi +nRiz + h(X2, |X:’b7 X" ')
; (23) + no(logp) + o(n). (26)

whereX™ denotesX” corrupted by channel noise. . . o L
Adding (22) and[(2B) we get Next, consider providing useB with the genie signal; =
’ (wﬂ,wﬁ,x?c). Following the exact same steps as before, we

2nRyum <2nN log p +Z nR;; +no(logp) +o(n) (24) get

7j=1,2,3
Using a similar inequality for BS, we can write NRoum < nMlogp+ nRiy + nRis + h(X5 | X5 X2)
1 . 27
3nRsum <4nNlogp + no(log p) + o(n) (25) +no(logp) +o(n) 27)
Letting n — oo andp — oo, we see that DoF/uset % Now consider providing usei2 with the genie signals; =

b) DoF Outer Bound in the DownlinkUsing same nota- (w;1, w;3, X}, , X;, (M 1)(2N— 2M)) Note thatx”, H(M41)7(2N—2M)
tion as before, consider providing usgrwith the genie signal forms a part of the signat? . After subtracting the transmitted
S = (’wlg,’wlg,}G ). Since we are interested in establishing asignals from BSi, useri2 has2N — 2M noisy linear combi-
outer bound, we assume all the users in the network can decadéons of the signalsj, andx;,, which along withxZ, from
their own messages. Since ugércan decodew;;, usingS;, S» can be used to decode all the messages from B@bject
user il can reconstruck},, x}; and x[, and subtract them to noise distortion. As before, we can write

1a’ ic?
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Fig. 13: The signal structure obtained after linear tramségion for the case whem < 2/3. Note that the figure does not include signals from

the same cell.

nRSum
< IT({Wi;}; Y1, S82) + no(log p) + o(n)
<nMlogp+nR;; +nR;3

+h(XG, X?(M-i—l) ien—2mn)l Yits Wir, Wis) 4+ no(log p)
+o(n)

<nMlogp+nRj +nRi3—|—h( F(M1)i(2N— 2M))
+ h(X X, X2) +no(log p) + o(n)

<nMlogp+ nRi1 +nRiz +n(2N — 3M)logp

+h(an|X7,a7Xp) +n0(10gp) +O( )
< n(2N —2M)log p + nRi + nRis + h(X%| X2 X7)
+ no(logp) + o(n) (28)

Adding (28), [30) and[(28), we get

n?’Rsum
3 ~
< n2Nlogp+ Z n2R;; + h(XZ X% X2) + h(X5 | XE, X2
j=1
(X% |X5, X2 )+ no(log p) + o(n)
< n2Nlog p+ Z n2Ry; + h(X2) + h(X2 X2

j=1
h(f(%uXﬁ), X" ') +no(logp) + o(n)

3
<n2Nlogp+ Z n2R;; + Z nR;; +no(logp) + o(n)

j=1 j=1

(29)



groups exactly as before. Th&/ antennas at each user are

the messages from users in Cglive see that usings;, we can
first decodew;, followed by w;3, subject to noise distortion.

Using a similar inequality for users in cell we can write b) DoF Outer Bound in the DownlinkConsider providing
the genie signalS; = {w;2, w;s, X;,} to useril. It can be
16 Rsym < n4dN log p + n3Rsum + no(log p) + o(n) shown that user il can decode all the messages in the network
(30) using the received signal and the genie signal subject teenoi
distortion. Hence, using similar steps as before, we catewri

Letting n — oo andp — oo, we see that DoF/uset %
NRsum < I ({Wi;}; Y}, 81) +no(logp) + o(n)

2) DoF Outer Bound whe@/3 < v < 3/4 < nMlogp+ Riz + Riz + h(X5,]X54, Xj,)
: : . +no(logp) + o(n)

In this case, we again group the antennas atiBBto three (35)
also grouped into three sets as shown in Eid. 14. The lineanysing identical genie signals, = {wi1, wiz, X} andSz =

transformation at BS is also same as before, i.e., each group,,,, w,,. %,.} for usersi2 andi3 respectively, we obtain the
of antennas zero-forces one of three users. following two inequalities:

On t_he user sideT;; for user:il is chose_n such thaia zero-
forcesib while i1b andilc both zero-forcec. Similarly, T;3 is

chosen so thai3c zero-forcesib, while i3b andi3c both zero- NRsum < nMlogp+ Ria + Ris + (X3 X7, X5.)
force 7a and finally T, is chosen such thaia zero-forces + no(logp) + o(n), (36)
ia, while i2b andi2c both z_ero-fprcezc. The re§u_lt|ng 5|gnal NReym < nMlogp+ Ry + Riz + h(X€c|Xia, Xzb)
structure at BS after removing signals from Cellis given in

Fig. [12. + no(logp) + o(n). (37)

a) DoF Outer Bound in the UpIinqunsider providing  Adding the inequalities in(35)[(86) an@{37), we get

the set of signals; = {X}}, X}, X}5.} to BSi. After decoding ) 3

3nRsym <3nM logp + Z 2nR;; + Z nR;;
j=1 j=1

Since BSi can recover all the messages in the network given
g g + no(logp) + o(n). (38)

y# and S, subject to noise distortion, we have
Using a similar set of genie signals for users in éelve can

nRsum establish a corresponding inequality on the sum-rate. Agidi
< I ({Wi}; Y7, 81) +no(log p) + o(n) these two inequalities gives us
< Nnlogp + h(f(?l, X b X;’QC|Y§7) + no(logp) + o(n) 61 Ryum <6Mnlogp + 3nReum + no(logp) + o(n). (39)

< Nnlogp+nRiy + (X, XX, ) +no(log p) + o(n)

N Letting n — oo andp — oo, we see that DoF/uset 4.
< Nnlogp +nR;1 +nR;z —h(X}%,) + no(log p) + o(n),

(31) APPENDIXB
THE ACHIEVABILITY OF THE OPTIMAL SDOF FOR THE
whereX?, denotesX?,, corrupted by channel noise. Two-CELL TWO-USERICELL NETWORK AND THE
Next, we consider the genie signsd = {X7, X%, X7, }. It TwoO-CELL THREE-USERJCELL NETWORK

can once again be shown that B8an recover all the messages In this section we provide further details on the linear beam
in the network givery: andS,. Going through similar steps asforming strategy used to achieve the optimal sDoF for the two

before, it can be shown that cell two-users or three-users per cell MIMO cellular netiegor
_ We consider designing transmit beamformers in the uplink. B
NRsum < (3M — N)nlogp+ nR;z + h(Xl,) duality of linear interference alignment, the same strataigo
4+ no(log p) 4+ O(TL) (32) holds in downlink.

Adding (31) and[(3R), we get

2nRsum <3Mnlogp +Z nR;; + no(log p) + o(n). (33)
j=1,2,3 We divide the discussion in this section into six cases, each
corresponding to one of the six distinct piece-wise linegiaons

By symmetry we must also have an analogous inequality irvolw Fig.[4. Since we assume generic channel coefficients, we do

ing the ratesi;;, and adding these two inequalities, we get not need to explicitly check to make sure that (a) interfeeen
and signal are separable at each BS and (b) signal received
3nRsum <6Mnlogp+ no(logp) + o(n) (34) from a user at the intended BS occupies sufficient dimensions
to ensure all data streams from that user are separable (i.e.

Letting n — oo andp — oo, we see that DoF/uset % H;;,:)Vi; is full rank for all i and j). We however need to

1) Linear Beamforming Strategy for the Two-Cell,
Two-Users/Cell Network
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Fig. 14: The signal structure obtained after linear tramsfgion wherny > 2/3. The figure does not include signals from the same cell.

ensure that the set of beamformers designed for a user ar€ase iv:2/3 < v < 1: We need to achievéV/3 DoF/user.

linearly independent. We consider a space-extension factor of three, so that eseth u
Case i:0 < v < 1/4: Each user here requirek/ DoF. has3)/ antennas and each BS 8§ antennas; and we need to

It is easy to observe that sinc& > 4M, random uplink designN transmit beamformers per user. The two users in the

transmit beamforming in the uplink suffices. The BSs hawecond cell each have access t8& dimensional subspace

enough antennas to resolve signal from interference. Nate tat the first BS. These two subspaces overlapgi — 3N

no spatial extensions are required here. dimensions. Sincey > 2/3, we note thattM — 3N > N,
Case ii: 1/4 < v < 1/2: The goal here is to achiev&y’/4 allowing us to pick a set oV transmit beamformers such that

DoF/user. IfN/4 is not an integer, we consider a space-extensianterference is aligned at BS 1. Using the same strategysiersu

factor of four, in which case we haviel/ antennas at the usersin cell 1, interference and signal together si3av dimensions.

and4N antennas at the transmitter. Since we nde®oF/user The transmit beamformers can be computed by solving the same

and the BSs now havéN antennas, we once again see thaet of equations as given in(40).

random uplink transmit beamforming suffices. Case v:1 < v < 3/2: In order to achievél//3 DoF/user, we
Case iii: 1/2 < v < 2/3: Since each user requiréd//2 consider a space-extension factor of three and designeam-

DoF/user, we consider a space-extension factor of two so tf@mers per user. Since we now have more transmit antennas

there are2M antennas at each user add antennas at eachthan receive antennas, transmit zero-forcing becomeshb@ss

BS. The two users in the second cell each have access t&ach user in cell 2 pick8M —3N linearly independent transmit

2M dimensional subspace at the first BS. These two subspalbeamformers so as to zero-force BS 1, i.e., the beamformers a

overlap in4M — 2N dimensions. Note that sincg > 1/2, chosen from the null space of the chankkh; ;) and satisfy

4M > 2N, such an overlap almost surely exists. The two users

in cell 2 pick4M/ —2N linear transmit beamformers so as to span Hi,1yvai; =0V i€ {1,2}, j € {1,2,...(3M — 3N)}.

this space and align their interference. Specifically, thagmit (41)

beamformersvy;; and vay,; for j = 1,...,(4M — 2N)

ar€ \we let users in cell 1 use the same strategy. Now, in order
chosen such that

to achieve M DoF/user, we still need to desighv — 2M
H (511 Va1; = H(ag.1)va2; transmit beamformers per user. So far, both BSs do not see any
interference and hav&\/ — 6 N dimensions occupied by signals
= [Hea1,1) —Ha21)) [Vw] 0 (40) from their own users. The remainingV — 6M dimensions
V22 at each BS need to be split in&: 1 ratio between signal
The 4M — 2N sets of solutions td(40) can be generated usirand interference to achievel DoF/user. To meet this goal, we
the expressionlet(AAH)(I — A7 (AAH)~TA)r where A = choose the remaining/V' — 2/ transmit beamformers for users
[H(QM) —H(QM)] andr is a random vector. Adopting the samen cell 2 such that the interference from these users aligBSa
strategy for cell 1 users, we see that at both BSs interfereric This is accomplished by solving for the transmit beamfensn
occupiestM — 2N dimensions while signal occupi&d/ —4N using [40) for users in cell 2, and using a similar strategy fo
dimensions, witt8 N —12M unused dimensions. Note that sinceisers in cell 1, resulting if3A — 3N) + (3N —2M) = M
v < 2/3, 8N — 12M > 0. Letting each user picRN — 3M DoF/user over a space-extension factor of three.
random beamformers, the remaini®gy — 120/ dimensions are  Case vi:3/2 < ~: Assuming a space-extension factor of two,
equally split between interference and signal at each oBth& each user needd transmit beamformers. The null space of
We have thus designetll transmit beamformers for each usethe channel from a user in cell 2 to BS 1 spdWw — 2N
while ensuring that at each BS, interference occupies n@madalimensions and since > 3/2, 2M — 2N > N. Choosing
than (4M — 2N) + 2(2N — 3M) = 2N — 2M dimensions, N transmit beamformers from such a null space and using the
resulting inM /2 sDoF/user. same strategy for users in cell 1, we see that each BS sees no



interference and hence is able to completely recover sgrnah
both of its users.

2) Linear Beamforming Strategy for the Two-cell,
Three-Users/Cell Network

pick 2N — 5M random beamformers for each user so as to use
all available dimensions at both the BSs. Since the secdmaf se
beamformers are chosen randomly, they are linearly indig@n
from the first set oM — 2N beamformers almost surely. We
have thus ensured each user achie¥sDoF using a space
extension factor of two.

We divide the discussion in this section into ten cases, eachcase iv:% <y < %; In order to achieveV/5 DoF/user, we

corresponding to one of the ten distinct piece-wise linegians
in Fig. 4. The casesy < 1/6 and1/6 < v < 1/3 and

consider a space extension factor of five and consider degign
N transmit beamformers per user. Once again, 2 is the

7 = 4/3 are identical to case@), (ii) and(vi) in the previous highest possible packing ratio and there &5@/ — 5N sets of
section, where either random transmit beamforming or zefpree beamformers(one for each of three user in a cell) bavin
forcing achieve the optimal DoF. We omit the discussion @his packing ratio. If we are to use all such beamformers, we

these three cases here.

Case iii: 1 < v < &

can at most coves(15M — 5N) dimensions at each BS. Since

We consider a space extensiom(15)/ — 5N) > 5N, we have sufficient number of such sets

factor of two and prove that/ DoF/user are achievable. Sincp use all available dimensions at the two BSs. Choosihg
4M < 2N, a many-to-one type of alignment between multiplguch sets of beamformers achievésDoF/user over five space

interfering vectors is not possible. However, sirce > 2N,

it is possible to design a set of three beamformers, one forcase v:% < v < B

extensions.

5. The goal here is to achieveM

each user in a cell, such that the beamformers occupy omgF/user using a space extension factor of five. To keep the
two dimensions at the interfering BS. In particular, to desi presentation simple, we assumé and N are divisible by five
beamformers for the three users in cell 2, we solve the faligw and achieve 2M/5 DoF/user. Sing@/ > N, many-to-one type

system of equations

Va1,
[H1,1) Hezo1) Heoa )] | vazj | =0
V23,

(42)

of interference alignment becomes feasible and in fact,1
is the highest possible packing ratio. There are three ways t
choose a pair of users from a cell, and for each pair theré¢ exis
2M — N sets of beamformers having a packing ratio2of 1.
For users in cell 2, these beamformers can be formed by gplvin

Note that this is a system @fV equations ir6 A/ unknowns, and equations of the form

there can be at mo$t\ — 2N linearly independent solutions.
These solutions yield M — 2N sets of three beamformers, with

each set having a packing ratio ®f. 2. While the6M — 2N

solutions to the system of equations are linearly independe

Voii
H (2,1 H 2k, 1)) { 2'7] =0, (46)

VoL

we need to prove that th&\/ — 2NV beamformers designed forwhere i,k € {1,2,3}, i # k. We thus have2(2M — N)
each user are also linearly independent. In other wordsaitin beamformers per user. Since we assume channels to be generic

6M—2N

independence of the set of solutiofis3,; v3,; v33;]}727

and since(2M — N) < M, the set o2(2M — N) beamformers

does not immediately imply the linear independence of the see almost surely linearly independent. When th&28// — N)

{V20; 922N

for all 7 € {1,2,3}. However, we prove through beamformers are used in each cell, each BSihas 6/ unused

a contradiction that this is indeed true. Suppose that tlhe simensions. We fill the unused dimensions using beamformers

- - N 6M—2N
{[Vlej ngj V2T3j] j=1

is linearly independent, but the sethaving the next best packing ratid—2. In order to ensure the

{(fgij}?ffm is not, for somei. Without loss of generality, let linear independence of this new set of beamformers from the

i = 1. Then, there exist a set of coefficierts,} such that

6M—2N

Z Bijva1; =0
J=1

Letw denote the vectoy ;> 3;[¥],; vi,; ¥53;]7. Then,

(43)

[Hz11) Hizony Heg ] W =0,
= [H(22-,1) H(23,1)} w(M +1:3M) =0.

(44)
(45)

Equation [(4b) is a system ad¥ equations an@M unknowns,
and sinc&M < N, (@38) is satisfied only ifw (M +1: 3M) =
0 = W = 0 = the set{[v],, vL, vI,. ]} >N is linearly
dependent, which is a contradiction.

set of beamformers already designed, we multiply each aiann
matrix H;,,, ,,) with a matrixWy,,, on the right, wheréw,,, is
aM x (2N — 3M) matrix whose columns are orthogonal to the
4M —2N beamformers that have already been designed for user
Im. Let the effective channel matrid;,,, ,,, W1, be denoted by
H (j,,.n)- Note thatH ;,,, ,,) is a N x 2N —3M matrix and since
3(2N — 3M) > N, there exist beamformers having packing
ratio 3 : 2. Similar to Case iv, we desigiN — % sets of
such beamformers, ensuring that all dimensions at the two BS
are used while achievin®N — 18M) 4 2(20/ — N) = 2M /5
DoF/user.

Case vi:g <y < 2: We need to achieveN DoF/user over
9 spatial extensions. To keep the presentation simple, mplgi
assume thatV is divisible by nine and present the arguments
without any spatial extensions. Sined/ > N, beamformers

Using the6M — 2N sets of beamformers obtained in thidhaving packing ratio® : 1 exist. We have3(2M — N) sets

manner, we note that at each BS, we hagd/ — 6 N dimen-

of such beamformers per cell, and using aNy3 (note that

sions occupied by signal2M — 4N dimensions occupied by (N/3) < 3(2M — N)) of them ensures that all dimensions at
interference withl2/N — 300/ unoccupied dimensions. We nowboth the BSs are occupied by either interference or signal.



Case vii:% <7< %: This case is discussed in detail in [g]

Section[IV-A and we only mention the exact equations and
transformations necessary to design the required bearaferm 9
For users in cell 2, th@M — 2N sets of beamformers having
packing ratio3 : 1 are designed by solving the system of
equations given by [10]
[11]

Vaij

Hoi) Heoopy O ’
’ ’ Vooi | = 0. (47) 12
H32,1) He2s 1) V23j [12]

We use an analogous set of equations for users in cell 1 gng
denote the set of beamformers designed in this manner using
the set{vi;}32 7" for all i € {1,2} andk € {1,2,3}.

We then multiply each channel matréd;.; on the right by [14
a matrix W, whereW;, is a M x (2N — 2M) matrix whose
columns are orthogonal to the sgt;;}72 Y. Letting the 5]
effective channel matrix be denoted ﬁ/ik,z, we see that we
now have2 N — 2 M effective antennas at each user and the best
possible packing ratio i& : 1. There exist3(3N — 4M) pairs [16]
of beamformers having a packing ratio df 1, and solving for

any 3N — 4M pairs using equatior_(#6) allows us to achievig7]
the requisite number of DoF/user.

Case Vviii: % <~ < 1. Our goal is to achievéV/4 DoF/user. [18]
We assumeV to be divisible by four and present the arguments
without any explicit reference to spatial extensions. 8t/ >
N, packing ratio of3 : 1 is possible and there exists a total o
3M — 2N such sets of beamformers. Designing a¥y4 such
sets through[{47) gives us the requisite number of DoF/user.20]

Case ix:1 < v < 4/3 We need to desigd//4 DoF/user,
and we assume that/ is a multiple of four. Note that since o4
M > N, the users can now zero-force the interfering BS. Each
user can design/ — N transmit beamformers such that the
interfering BS sees no interference. As before, we theniptylt 5
the channel matrice¥l;;,; by a M x 2N — M matrix Wy,
that is orthogonal to thd/ — N transmit beamformers obtained
from zero-forcing. We now haveN — M effective antennas at
each user and it is easy to see that there eiiét— 3M sets
of transmit beamformers having packing ratio3f 1 for such
a system. Designing anyv — 3 sets of such beamformers
through [47) lets us achievi/ /4 DoF/user.

9]

23]
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